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Abstract

We develop a dynamic, structural model to address a long-standing puzzle, namely, the huge
discrepancy between the discount rates used by venture capitalists to value projects (~ 50%) and
the ex post realized returns of their investments (~ 15%). In our continuous-time, principal-
agent framework, the venture capitalist (VC) and entrepreneur (EN) could have asymmetric
beliefs about the intrinsic quality of a project in addition to asymmetric attitudes towards its
risk. We indirectly infer the magnitude of EN optimism by matching statistics about the risks
and returns of VC projects predicted by the model to their observed values. We demonstrate that
EN optimism leads to “implied” discount rates for VCs precisely in the range reported in previous
empirical research implying that the high discount rates used by VCs reflects an EN “optimism
premium”. Moreover, EN optimism substantially mitigates the agency costs of risk-sharing
between the VC and EN and enhances the VC’s expected payoff. Consequently, VCs have
significant incentives to encourage EN optimism and these incentives also have a beneficial effect
on the total value generated by the VC-EN relationship. Consistent with observed contractual
structures, the equilibrium dynamic contract features both equity-like and debt-like components
of the VC’s payoff structure and the progressive vesting of the EN’s stake in the firm. The
duration, project value and the VC’s expected payoff all increase with the project’s transient
risk but decrease with its intrinsic risk. Greater uncertainty about project quality enhances the

value generated by VC-EN relationships.
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1 Introduction

A long-standing puzzle in the venture capital literature is the discrepancy between the high discount
rates used by venture capitalists (VCs) and the significantly lower ex post realized returns of their
investments (see Cochrane, 2005). Sahlman (1990) reports that VCs routinely use discount rates
around 50% to value start-up projects, while Cochrane (2005) shows that the realized ex post
returns of VC projects only average around 15%. Sahlman (1990) suggests that high discount rates
could be a mechanism that VCs use to adjust for over-optimistic projections by entrepreneurs. Is
entrepreneurial optimism in reality significant enough to generate optimism premia as high as 35%
? In this article, we develop a positive theory of venture capital investment which provides an
affirmative answer to this unresolved question.

We build a dynamic, structural model that incorporates the possibility that VCs and en-
trepreneurs (ENs) could have asymmetric beliefs about the intrinsic quality of projects in addi-
tion to having asymmetric attitudes towards their risk. We estimate the key parameters of the
model by matching statistics on the risk-return characteristics of projects predicted by the model
to the data in Cochrane (2005). We indirectly infer the degree of EN optimism implied by the
data and demonstrate that it leads to “implied” discount rates precisely in the range reported by
Sahlman (1990). Our structural approach, therefore, shows that the risk-return characteristics of
VC projects are, in fact, compatible with the high discount rates used by VCs in reality.

EN optimism could mitigate the agency costs of risk-sharing between VCs and EN’s by 10-15%
of firm value and enhance VC value by 15% suggesting that VCs have significant incentives to
encourage or “feed” EN optimism, and these incentives also enhance firm value. The presence of
EN optimism is a key determinant of the characteristics of VC relationships—their durations and
economic values, the structures of dynamic contracts between VCs and ENs, and the staging of VC
investment over time—and explains why discount rates used by VCs are much higher than those
predicted by traditional asset pricing models.

In Section 3, we develop our continuous-time, principal-agent framework in which a cash-
constrained, risk-averse EN with a project approaches a risk-neutral VC for financing. The VC
manages a fund that has investments in several different projects. The capital managed by the
fund is competitively supplied by outside investors who care about the expected excess return on
assets of the fund over a benchmark in each period. We focus on a representative project in the
VC fund’s portfolio. The project generates value through physical capital investments by the VC

and effort investments by the EN. The VC or the EN could terminate the relationship at any date.



All payoffs occur upon termination of the project.!

The state variable in the model is the project’s termination value at each date, which is the total
payoff if the project is terminated at that date. The termination value, which is contractible, evolves
as a log-normal process. The drift of the termination value process has two components; a fixed
component that represents the project’s intrinsic quality and a varying, discretionary component
that is determined by the VC’s investments and the EN’s effort. The VC and EN have imperfect
information about the intrinsic quality of the project and could also differ in their beliefs about
the quality with the EN being more optimistic. The beliefs are, however, common knowledge, that
is, the VC and EN “agree to disagree”. The VC’s investments in the project are staged over time
with future investment being contingent on intermediate observations of the project’s termination
value, which serve as “signals” that enable the VC and the EN to update their assessments of
its quality in a Bayesian manner. The degree of EN optimism is the difference between the EN’s
and VC’s mean assessments of project quality. The common variance of their assessments is the
project’s transient risk, which is resolved over time as the VC and EN update their assessments of
the project’s quality. The volatility of the termination value process is the project’s intrinsic risk
that remains invariant through time.

The EN has linear preferences with a stochastic discount rate that reflects his costs of bearing
risk. He is provided with inter-temporal incentives to exert effort through a contract that specifies
his share of the termination payoff of the project. Assuming the VC has the bargaining power, we
derive the long-term, renegotiation-proof equilibrium contract between the VC and the EN, which
describes the VC’s investments over time, the EN’s path-dependent payoff upon termination, and
the inter-temporal performance targets that must be met for the relationship to continue. As the
VC has the bargaining power, the relationship is terminated at the VC’s behest in equilibrium.

We derive the equilibrium in Section 4. Under the equilibrium contract, the change in the
EN’s promised payoff over any period, which could also be viewed as his currently vested share
in the project, is an affine function of the change in termination value or performance over the
period. Conditional on continuation, the VC’s investment as a proportion of the termination value
or her proportional investment rate, the sensitivities of the EN’s compensation to performance
over each period (the pay-performance sensitivities), and the EN’s effort in each period, are all
deterministic functions of time. The fixed component of the change in the EN’s promised payoff
in each period is, however, stochastic and depends on the VC’s and EN’s current assessments of

project quality. The optimal contract between the VC and EN predicted by the model shares many

LOur analysis could be generalized to incorporate intermediate cash flows that are proportional to the termination
values without altering our main results.



features with observed contractual structures: the VC’s payoff structure has “debt” and “equity”
components, the EN’s stake in the project vests over time, and the VC’s claim on the project’s
payoffs allows her to recover her cumulative investments with high probability (Sahlman, 1990,
Kaplan and Stromberg, 2003).

We analytically derive properties of the equilibrium contract in Sections 5-7. The contract
balances the costs of risk-sharing between the VC and the EN with the positive rents that the VC
is able to extract due to the EN’s optimism. Because the degree of EN optimism declines over time
as the VC and EN learn about the project’s intrinsic quality, the rents from the EN’s optimism
decrease relative to the costs of risk-sharing. The VC’s proportional investment rates, the EN’s
pay-performance sensitivities, and the EN’s effort, therefore, decrease monotonically over time. In
the benchmark scenario in which the VC and EN have symmetric beliefs, however, the EN’s pay-
performance sensitivity and the VC’s proportional investment rate are constant over time. Hence,
the presence of asymmetric beliefs is a key determinant of the inter-temporal variations in the EN’s
pay-performance sensitivity and the VC’s investment rate.

The paths of the VC’s proportional investment rate, the EN’s pay-performance sensitivity,
and the EN’s effort (conditional on continuation of the relationship) all decline with the project’s
intrinsic and transient risk and increase with the degree of EN optimism. The duration of the
relationship increases with the degree of EN optimism and decreases with the EN’s risk aversion.
These results illustrate the negative effects of risk and the positive effects of EN optimism on risk
sharing between the VC and EN and, therefore, the power of incentives for the EN. The negative
relation between duration and the degree of EN optimism is consistent with the evidence in Kaplan
and Stromberg (2003) that experienced entrepreneurs, who are likely to have more realistic beliefs,
receive fewer rounds of financing.

In Section 8, we numerically implement the model to examine the central issues that motivate
this study—how significant is EN optimism and could it generate the discrepancy between observed
VC discount rates and the average ex post returns of VC projects 7 We determine the baseline
values of the key structural parameters of the model, which include the degree of EN optimism, his
cost of bearing risk and his disutility of effort. We indirectly infer the values of these parameters
by matching the average risks and returns of projects in each period or “round” predicted by the
model to their corresponding observed values reported in Cochrane (2005). The model is able to
match the risk-return characteristics of projects documented by Cochrane (2005) quite well. The
baseline model also matches the data on the distribution of value generated by VC investments
reported in Sahlman (1990), which demonstrates the model’s out-of-sample predictive ability.

Our indirect inference approach shows that the average initial (that is, at the inception of a
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project) degree of EN optimism implied by the data is approximately 33.5%. We define the implied
discount rate for a project as the rate at which the EN’s projections about the payoffs from a
project would have to be discounted so that the resulting project value is equal to the project
value under the VC’s projections of the project’s payoffs. Consistent with the average expected
return of VC projects documented in Cochrane (2005), we assume a baseline discount rate or
“cost of capital” of 15% to obtain the project value under the VC’s projections of its payoffs. We
vary parameters describing project characteristics about their baseline values and calculate the
corresponding implied discount rates allowing for the cost of capital to vary with the project’s
intrinsic risk.

The implied discount rates for a wide range of projects cluster around 50%, which is quite
consistent with the ranges of VC discount rates reported in Sahlman (1990). Our study, therefore,
confirms that entrepreneurial optimism premia are high enough to justify the discount rates used
by VCs. The discrepancy between the high discount rates and the low realized expected returns
is due to the fact that the discount rates are used to discount entrepreneurs’ projections of the
payoffs of projects rather than VCs’ more realistic projections. If VC’s valued projects using their
own projections, the corresponding discount rates are much lower and consistent with the expected
returns of VC projects reported in Cochrane (2005). The stability of the predicted implied discount
rates suggests that a discount rate of 50% is a remarkably good “rule of thumb” to value VC projects.

In Section 9, we numerically derive several additional implications of the model by examining
the effects of varying parameters about their baseline values on the duration of the relationship,
firm value, and the net present value of the payoffs to the VC fund or the VC value. We compare our
results to the “no agency” benchmark scenario in which there are no conflicts of interest between
the VC and EN as well as the “symmetric beliefs” benchmark scenario in which the VC and EN
have asymmetric attitudes towards risk, but have symmetric beliefs about project quality.

Consistent with our earlier analytical results, EN optimism significantly increases firm value,
the VC value, and the duration of the relationship. In the baseline case, EN optimism reduces
the agency costs of risk sharing by 12% and increases VC value by 15%. The increase in the
VC value due to EN optimism is generally greater than the increase in firm value, which reflects
the substantial rents that the VC extracts by “feeding” EN optimism. The positive effects of EN
optimism on firm value are consistent with the empirical evidence reported in Gelderen, Thurik and
Bosma (2005). We also find that firm value is positively related to the duration of the relationship,
which is consistent with the evidence in Gompers (1995).

The expected duration, firm value and VC value all increase with the project’s human capital
intensity because the EN’s effort is a key driver of the economic value generated by the VC rela-
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tionship. The project’s intrinsic and transient risks have opposing effects on the “speed of learning”
about project quality and, therefore, the rate at which the degree of EN optimism declines over
time. As a result, they have dramatically opposite effects on the project’s duration, firm value,
and the VC value. All three variables increase with the project’s initial transient risk, but decrease
with its intrinsic risk. Hence, firm value and the VC value are enhanced when there is greater un-
certainty about project quality. Consistent with empirical evidence, therefore, VCs have significant
incentives to finance innovative projects compared with mature or “imitating” projects because
there is greater uncertainty about the quality of innovative projects (Hellman and Puri, 2000).

In summary, our study shows that entrepreneurial optimism is an important determinant of
the characteristics of VC relationships. The tractability of our structural model, as well as the
fact that it is able to match empirical data on the risk-return characteristics of projects and the
discount rates used to value them, suggests that it could be useful as a tool to value risky ventures
whose cash flows are affected by asymmetric beliefs and agency conflicts. In this respect, our study
belongs to the growing literature at the interface between asset pricing theory and corporate finance
that values claims to risky cash flows by explicitly modeling the actions of the agents who generate

and share cash flows.

2 Related Literature

While the effects of agency conflicts and imperfect information are studied in several contexts
by previous studies, theoretical literature that incorporates asymmetric beliefs in the context of
venture capital investment is relatively nascent. Landier and Thesmar (2005) develop a two-period
VC model with asymmetric beliefs. They show that optimistic entrepreneurs tend to rely on
short term debt rather than long term debt. Our framework differs significantly from theirs in
that investment could be staged over time and the dynamic contract between the VC and the
EN has both “equity” and “debt” components. Cuny and Talmor (2005) also analyze the effects
of asymmetric beliefs in a two-period VC finance model that compares the performance of firms
funded by milestone staging to those funded by investment rounds. They find that the advantages
associated with round financing are increased when the EN is more optimistic than the VC. The
focus of their study is on analyzing the effect of asymmetric beliefs on the two types of financing
mentioned above. We examine how the interplay between asymmetric beliefs and agency conflicts
affect the manner in which VC investment is staged over time, the dynamic contract between the
VC and the EN, and the duration and economic value of the VC-EN relationship.

A second stream of the literature investigates the importance of staging in mitigating VC-EN



agency conflicts. In a deterministic model, Neher (1999) shows that staging is essential to overcome
the hold-up problem. As in Neher (1999), the manner in which VC investment is staged over time
as well as the number of stages are determined endogenously in our framework. As Neher’s (1999)
model is fully deterministic, however, his framework cannot be used to study the effects of risk,
imperfect information, and asymmetric beliefs on the characteristics of VC-EN relationships.?

A third strand of the literature analyzes the features of the optimal contracts that emerge in
“double sided” two-period moral hazard models in which the VC and EN exert effort (Casamatta,
2003, Cornelli and Yosha, 2003, Repullo and Suarez, 2004, Inderst and Muller, 2004, Renucci,
2005). We too develop a model in which the VC and EN take value-enhancing actions. Similar to
these studies, the optimal contracts predicted by our analysis have “debt” and “equity” features
consistent with observed contractual structures. In sharp contrast, however, our analysis focuses
on the effects of asymmetric beliefs on the characteristics of VC-EN relationships. 3

There is a vast and rapidly growing literature that develops and analyzes dynamic principal-
agent models in various economic contexts (see Laffont and Martimort, 2002 and Ljungqvist and
Sargent, 2004 for surveys). Our framework shares features of models examined in this literature
that incorporate external imperfect information and Bayesian learning (for example, Gibbons and
Murphy, 1992, Bergemann and Hege, 1998, Holmstrom, 1999). We contribute to this literature by
developing and analyzing a framework where both the VC (the principal) and the EN (the agent)
make investments (physical and human capital) over time, have asymmetric beliefs about project
quality, and the relationship is terminated endogenously. The distinction between projects’ intrinsic
and transient risks that we emphasize in our analysis leads to novel implications for the effects of
these two components of risk on VC relationships.

We differ significantly from studies in the above-mentioned streams of the literature in that we
focus on quantifying the effects of entrepreneurial optimism implied by the data on the risk-return
characteristics of VC projects. The analysis of our structural model explains the huge discrepancy
between VC discount rates and the average ex post returns of VC projects. The predictions of
our study are broadly consistent with extant empirical evidence on the characteristics of VC-EN
relationships and also suggest additional testable implications that could provide guidance for future

empirical research.

2Kockesen and Ozerturk (2004) argue that some sort of EN “lock-in” is essential for staged financing to occur.
Egli, Ongena and Smith (2005) argue that staging can be used to build an EN’s credit rating. Berk, Green and Naik
(2003) develop an R&D model with a single, monolithic agent in which staging is exogenous

3 Admati and Pfleiderer (1994) analyze a two-period model of venture capital investment and show that a fixed
fraction contract is optimal. Fluck, Garrison and Myers (2005) show that a fixed-fraction contract may not be optimal
if the EN’s effort is endogenously determined. Trester (1998) shows that the presence of asymmetric information
leads to the optimality of preferred equity over debt contracts.



3 The Model

We consider a continuous time framework with time horizon [0,7]. Apart from its analytical
tractability, a continuous time formulation circumvents the delicate issues related to the existence of
optimal contracts that arise in discrete-time frameworks in which payoffs are drawn from continuous
distributions with unbounded supports (see, for example, Holmstrom and Milgrom, 1987). At date
0, a cash-constrained EN with a project approaches a VC for funding. The VC is the manager of
a venture capital fund with a diversified portfolio of projects. The fund’s capital is provided by
diffuse outside investors. We focus on a representative project in the VC fund’s portfolio. The
project can potentially generate value through physical capital investments by the VC and human
capital (effort) investments by the EN. The VC and the EN have imperfect information about the
project and differ in their initial assessments of the project’s quality.

If the VC agrees to invest in the project, she invests an initial amount of “seed” capital V4 in
the project and offers the EN a long-term contract that describes her subsequent investments in the
project over time and the EN’s compensation. To simplify the analysis and notation, we assume
that the VC’s investments are made continuously over time. (All our results extend to the scenario
where investments are made at discrete intervals.)

Either the VC or the EN could terminate the relationship at any date. The key state variable in
the model is the total payoff V; if the VC-EN relationship is terminated at date t.* For simplicity,
we assume the project does not generate any intermediate cash flows. All our results hold in an
extension of the model in which the project generates a cash flow §Vidt in period [t,t + dt] where
6 > 0 is a constant. Hereafter, we refer to the variable V; as the project’s termination value at date
t. The termination value at any date is observable and verifiable and, therefore, contractible.?

The incremental termination value, that is, the change in termination value over any period
[t,t + dt], depends on the investment by the VC, the amount of effort exerted by the EN, the
intrinsic quality of the project, and its risk. The VC closely monitors the EN so that the EN’s

effort is observable to the VC.5 However, it is non-verifiable by a third party and, therefore, not

4The termination value is the amount outside investors would be willing to pay at date ¢ to obtain future earnings
from the project. The VC and the EN possess project-specific skills that are not transferrable. Neither the VC
nor the EN can commit to supplying these skills to a third party. Hence, the amount outside investors would be
willing to pay for the project is, in general, lower than the value if full commitment by the VC and the EN were
hypothetically possible. The value under full commitment is the rational expectations value of the project, which
rationally incorporates the effects of future physical capital investments by the VC and human capital investments
by the EN as well as the endogenous decision to terminate the project.

5 An important stream of the literature examines the effect of “incomplete contracting” on VC relationships (Aghion
and Bolton, 1992, Kirilenko, 2001).

5Sahlman (1990) reports that venture capitalists closely monitor the firms they invest in. He mentions that lead
venture investors visit each company in their portfolio 19 times every year and spend 100 hours in direct contact.
Hellman and Puri (2000, 2002) emphasize the importance of monitoring and oversight in their empirical analyses of
venture capital financing.



directly contractible. Since the termination value is the only economic variable that is contractible,
the EN must be provided with appropriate incentives to exert effort through a contract that depends
on the termination value process. Both the VC and the EN have imperfect information about the
intrinsic quality of the project, but have priors on it that differ from each other in general. The VC
and the EN update their assessments of the project’s intrinsic quality in a Bayesian manner based
on their observations of the termination values, VC’s investments, and the EN’s effort.

We begin by first describing how the VC’s physical capital investments and the EN’s human

capital (effort) investments affect the project’s termination value over time.

3.1 The Termination Value Process

The initial termination value of the project equals the initial seed capital investment V[ of the
VC. Suppose the VC invests capital ¢;V;dt and the EN exerts effort n;V;dt over the time interval
[t,t+dt] so that ¢; and n; are the investment and effort rates as proportions of the state variable V.
Hereafter, we refer to ¢; and 7; as simply the investment rate and effort, respectively, to simplify
the exposition.

If the EN’s effort and the VC’s investment are both positive, the project’s termination value
evolves as:

AV, = (¢ — L)Vidt + OVidt + sVidB,. (1)

In the above, B is a standard Brownian motion. If either the EN’s effort or the VC’s investment
is zero, then the change in termination value is given by dV; = —[;Vidt. It is not difficult to show
that, in equilibrium, effort and investment are both positive if the project continues. We simplify
the notation and exposition by henceforth assuming the termination value evolves as in (1).

The change in termination value is derived from three sources: “net discretionary output”,
“project quality” and “intrinsic risk”.
Net discretionary output: Discretionary output in period [t,¢ + dt] is a direct result of the VC’s
investment rate ¢;V; and the EN’s effort 7, and is described by the function c?nf , a,3 > 0. Net
discretionary output is discretionary output less the “operating costs”, which are represented by the
term [;Vidt. The operating costs could include wages to salaried employees, depreciation expenses,
decline in revenues due to increased competition, fixed costs arising from increases in the scale of
the project, etcetera. The operating costs parameter l; is deterministic, increasing and convex over

time, which ensures that termination occurs in finite time almost surely.

Intrinsic risk: The term sVidB;, where s > 0 is constant, represents the “intrinsic” component of

the project’s risk in period [t,¢ + dt]. The intrinsic risk is the component of the project’s risk that
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remains invariant over time.

Project quality: The parameter © represents the growth rate of the project’s termination value
arising from the project’s intrinsic quality. The VC and the EN have imperfect information about
© and could also differ in their beliefs about its value. Their respective beliefs are, however, common
knowledge; that is, they “agree to disagree”. The uncertainty in the value of © may be viewed as
the project’s transient risk. The transient risk is resolved over time as the VC and the EN update
their priors on © in a Bayesian manner based on observations of the project’s performance.

The VC’s and EN’s initial priors on © are normally distributed with @ ~ N(uy¢, o2) and

O ~ N(uf™N,o?), respectively. Define
&dt == dInV; — (¢ — 0.55% — I,)dt = Odt + sdB,. (2)

Since the VC’s investment rate ¢; and the EN’s effort 7; are observable, it follows from well-known
formulae (DeGroot 1970, Oksendal 2003) that the posterior distribution on O for each date ¢t > 0
is N(uf,0?), £ = VO, EN, where

2 2
2 570g
= 5, 3
ot s? +tod (3)
s2ut + o ¢ du
ut =2 H 2°f“=20§“ , {=VC,EN. (4)
sc +tog

From Oksendal (2003), we can show that the evolution of the mean posterior assessment of project
quality, pf, is described by the following stochastic differential equation
a5

gzl Vi - (i — 0.55% — I)dt — pldt] , ¢ =VC, EN. (5)

dyiy =

From (1) and (5), we see that the standard deviation o} of the evolution of the mean assessment

of project quality is

2
S0

B=_"70 6
It 82+t0'§ ( )

Note that the standard deviations of the evolutions of the VC’s and EN’s mean assessments of
project quality are equal and decrease with time. Let

2 2

S Ao g

A, — EN chiziA 7
t My M 52 +t0’8 0_(2) 0 ( )
denote the degree of asymmetry in beliefs at date t. It follows from (7) that the degree of asymmetry
in beliefs is resolved deterministically over time, and there is a linear relationship between the

resolution of the asymmetry of beliefs and the resolution of the transient risk. Consistent with

the evidence reported by Landier and Thesmar (2005), Sahlman (1990) and other researchers, we



assume that the EN is initially more confident of the success of his ideas so that Ay > 0. Thus, A
decreases with time since the variance o7 decreases with time.

For future reference, we denote the information contained in the history of termination values
{Vi, t >0} by {Fi}. We let {G;} denote the information contained in the history of termination
values, effort choices by the EN, and capital investments by the VC, which is known to both the
VC and EN. Clearly, F; C G;.

3.2 Contracting between the VC and EN

Since the project does not generate intermediate cash-flows, the contract between the VC and the
EN describes the VC’s incremental capital investments over time and the payoffs to be received by
both parties upon termination. Further, since either the VC or the EN could choose to terminate
the relationship at any date, the contract specifies the payoffs to be received by both parties if
the project were terminated at any date ¢t > 0. More precisely, a feasible contract is described by
the triplet (P,c,7), where P; is the EN’s payoff and V; — P, is the payoff to the VC fund if the
relationship is terminated at date ¢ > 0, ¢; is the VC’s investment rate at date t, and 7 is the
termination time. Note that V; — P; is the payoff to the VC fund upon termination, and not the
VC’s compensation, which we describe shortly. Since the initial termination value V{ of the project
equals the VC’s initial capital investment, Py = 0. As the project’s termination value is the only
economic quantity that is contractible, the processes P and c¢ are {F;}-adapted, and 7 is an {F;}
stopping time.

The VC, who possesses the bargaining power, offers the EN a long-term contract at date zero,
which specifies her dynamic capital investments in the projects, the termination time, and the EN’s
payoff upon termination. The EN, in turn, dynamically chooses his effort to maximize her total

expected utility including her disutility from effort.

3.3 The VC’s Objective

The VC is the manager of a venture capital fund with capital supplied by outside investors. The
fund has investments in several projects. The investors in the venture capital fund care about the
performance of the fund relative to a benchmark, specifically, the return on the fund’s assets in
excess of the benchmark return. As we focus on a representative project in the VC fund’s portfolio,

we define the relative performance in terms of the performance of the representative project.”

"In this paper, we focus on a representative VC and project and are not directly concerned with heterogeneity
across VCs. Sorensen (2006) estimates a structural two-sided matching model and shows that more experienced VCs
chooses better projects. Similar to our study, Dessi (2005) also analyzes a 3-tier model in which the investors in a
VC fund, the VC and EN are all distinct economic agents.
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The project’s “outside” value or asset value is V; at any date t. The value of the fund’s holdings
in the project at date ¢ is the termination value less the promised payoff to the EN, V; — P;.. The
change in the value of the fund’s holdings over the period [t, ¢+ dt] (if the project is continued), after
subtracting the capital investment ¢;V;dt specified by the contract, is [Vi g — Prige—ct Vidt]—[Vi— Py].
The change in the value of the fund’s holdings from instead investing in the benchmark is V; Rpdt
where Ry, is the benchmark return on assets. The benchmark return R, could be viewed as the
“cost of capital” for the project. The return on assets of the fund in excess of the benchmark over

the period is

Vitar — Pryar — ciVedt) — [Vi — P] ~ ViRydt _ dVy — ¢;Vidt — dP,

Rirar — Rpdt =
t+dt b v v v

— Rydt.  (8)

In Appendix A, we model the relationship between outside investors and the VC and show
that the endogenously derived assets under management at date t are an affine function of the
expected excess return on assets.® We assume the VC receives a constant proportion of the assets
under management as compensation so that her payoff over the period is also an affine function
A+ BE{(Ry1q — Rpdt), A >0, B > 0, of the expected excess return on assets.’ Since the fixed
portion of the VC’s compensation neither influences nor is affected by her actions, we hereafter set
A =0 to simplify the notation.

The VC is risk-neutral so that her discounted expected utility from investing in the project
until termination is

T T
VC's Expected Utility = EYC { /0 e " BE,(Rysar — Rbdt)} - E[ /0 e " B(Rypar — Rydt)], (9)
where the expectation is under the VC’s beliefs about the project’s intrinsic quality, and the second
equality above follows from the law of iterated expectations. The risk-free rate r is a constant.

Because B is merely a constant of proportionality, we henceforth set it equal to one.

3.4 The EN’s Objective

As in several studies in the principal-agent literature, the EN has linear inter-temporal preferences
with a subjective discount rate (for example, DeMarzo and Fishman, 2003). In contrast with these
studies, however, the EN’s subjective discount rate is stochastic, which directly reflects his costs of

bearing risk. The EN incurs an additive disutility of effort, which is expressed in monetary terms.

80ur results also hold if the assets under management are any increasing, deterministic function of the expected
excess return.

9VC managers typically receive a proportion of total committed capital as well as a percentage of profits. The
constant “proportion of assets” compensation structure we assume here is analogous to what is used by mutual fund
companies and greatly facilitates the model’s tractability.

11



More precisely, if the EN’s termination payoff is P, and his effort is described by the process
{m¢}, his subjective valuation of his future payoffs (including his disutility of effort) at date zero is
given by

’
U[) _ EOEN [efrff%)\%-—)\BTPT _ / efrt—%)\Qt—)\Btknthdt} ) (10)
0

In (10), ¢T3N =ABt s the stochastic discount factor by which the EN discounts a payoff at date
t, where A > 0 measures his cost of bearing risk. In Section 8, we estimate A by matching the
model’s predictions to data. The expectation in (10) is with respect to the EN’s beliefs about the
project’s intrinsic quality. The term kn/ Vidt; k > 0 represents the EN’s disutility of effort in period
[t,t + dt]. The EN’s disutility of effort increases with the “scale” of the project represented by its
termination value. This is consistent with the fact that that the expected change in termination
value due to investment and effort is also proportional to the termination value—see (1). As in
the case of the termination payoff, the EN values his cost of effort in any period by its expectation
weighted by the stochastic discount factor.

In our subsequent analysis, we find it useful to express the EN’s subjective valuation (10) of
his future payaoffs in an alternate form. The process exp(—%)\Qt — AB,) is a square-integrable
martingale, and is the Radon-Nikodym derivative process of a new probability measure equivalent
to the original one (see Chapter 6 of Duffie, 2001). The EN’s valuation (10) can then be expressed
as

Uy = BEN [P, - / ek Vidt (11)
0

where the expectation above is under the new probability measure. From (11), we see that we can
express the EN’s objective by assuming that he is risk-neutral, not under the actual probability, but
under a risk-adjusted probability, the EN’s valuation probability, which reflects his costs of bearing
risk.

For future reference, we note that, by Girsanov’s theorem (see Chapter 6 of Duffie, 2001), the

termination value process evolves as follows under the EN’s valuation probability:
AVEN = () — 1, — As)Vidt + ©Vidt + sV,dBEN. (12)

In (12),

BFN = B, + Xt (13)
is a Brownian motion under the EN’s valuation probability. The superscripts on this process and
the termination value process indicate that the evolution (12) is in the EN’s valuation probability.

In Appendix A, we show that the EN’s preferences as described by (10) or (11) actually belong
to the general class of recursive or “stochastic differential” preferences analyzed by Duffie and
Epstein (1992).
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3.5 The VC-EN Interaction

At each date t, the EN could terminate the relationship with the VC and receive his promised payoff
P;. The EN chooses to continue the relationship over the next infinitesimal time period if and only
if his expected utility from continuation exceeds his utility from termination. The continuation

value of the EN at date t, CUy, is

CU, = EfN TP — p,— / e kI V,du (14)
t

where EfN denotes the EN’s expectation under his valuation probability conditioned on the infor-
mation available at date .

Similarly, the risk-neutral VC chooses to continue the relationship if and only if her expected
stream of future payoffs from continuing the relationship exceeds her payoff from termination. From

(9) (recall that we have set B = 1), the VC’s continuation value C'V; at date ¢ is given by

CV, = EYC — Ry)dul, (15)

/T efr(uft) (qu — dPu - CuVudU
t Vu

where ¢ denotes the expectation under the VC’s beliefs conditioned on the information available
at date t. The VC chooses to continue the relationship at date ¢ if and only if her continuation

value is non-negative.

4 Equilibrium
The following conditions on the parameters will be assumed for the remainder of the paper:
Assumption 1 (1 —«a)y/08 > 2.

Assumption 2 A < As.

These conditions ensure that an equilibrium contract between the VC and the EN exists and is
unique and stable. The first assumption ensures that the curvature of the EN’s disutility of effort
is above a threshold relative to the sensitivity of output to his effort. Assumption 2 ensures that
EN optimism is not high enough to outweigh the costs of risk-sharing.

4.1 Functional Form of Optimal Contract

In Appendix B (see Lemma 1), we show that the optimal contract has the following affine form:
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In (16), the contractual parameters a; € R, by € R4 are {F;}-measurable. It follows easily from
(16) that the EN’s contract P satisfies
-
Pr=P+ /tzo[attht + bedV). (17)
In Lemma 1 in Appendix B, we also show that the optimal long-term contract between the VC
and the EN can be implemented by a sequence of single-period contracts, which are negotiated at

each date t with the VC making “take it or leave it” offers to the EN.

4.2 Existence and Characterization of Equilibrium

We now turn to deriving the equilibrium contract, which is summarized in Theorem 1. We deliber-
ately sacrifice some mathematical rigor in our analysis to simplify the exposition. We provide the
detailed mathematical arguments underlying the derivation of the equilibrium in Appendix B.
We use backward induction to characterize the equilibrium by first considering the last possible
(infinitesimal) investment period [T — dt, T|. Suppose that the project has not been terminated as
of the date T — dt. Recall that the EN and VC priors on © as of date T — dt are N (u_ 4, 0% _4)
with ,LL%L 4 and o2, given by (4) and (3), respectively with the index ¢ set to T — dt. Keep in
mind that the VC’s and EN’s initial beliefs and, therefore, their respective beliefs at any date are
common knowledge. For subsequent convenience in our inductive derivation of the equilibrium, it
will be convenient to use the index t to denote the date. The index t =T — dt for now, but it will

later denote an arbitrary date when we establish the inductive step in our analysis.

The EN’s Optimal Effort in Period [T' — dt,T] for a Given Contract

Suppose that in period [t,¢ + dt] (recall that ¢t = T — dt), the VC’s investment rate is ¢ and the
EN’s contractual parameters are (a,b)—see (16). If the EN’s effort is n in period [t,t + dt], his

continuation value (14) is given by
—EN
CUy = E; (aVidt + bdV; — kn"Vidt). (18)

From (12), we have

CU = (a+b(c*n’ —li+pfN — Xs)—kn") Vit . (19)

By Assumption 1, the optimal effort level exists and is given by

n(b,c) == (ﬁizb) ”%"- (20)
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The VC’s Choice of Contract in Period [T — dt, T

The VC will choose her investment rate ¢ and the EN’s contractual parameters (a,b) that will
ensure the EN’s participation and also rationally anticipate the EN’s best effort response. Since
the VC has the bargaining power and can make a “take it or leave it” offer to the EN, it is optimal

for her to choose (a,b) so that regardless of the state at date t =T — dt
CUy = 0. (21)

It follows from (19) that the relation between the parameters a, b, and c in period [¢,¢ + dt] that

ensures (21) is given by
a(b, ¢) := kn(b, )’ — b(c*n(b,c)® — I, — As + pFN). (22)

Incorporating the EN’s best effort response, the VC’s continuation value (15) at date t is

(1= b)dV; — a(b, ¢)Vidt — cVdt

CV, = E/Y] — Rydt]. (23)
Vi
Substituting the EN’s optimal effort (20) into (23),
CVy = Ay(b,c)dt (24)
where
Ae(b,c) == (Agb — Asb+ ¢(b)c®TF —c + p¥'C — 1, — Ry)dt (25)

In (25), A; is the degree of asymmetry in beliefs at date ¢, defined in (7), and

o - (HT(E70-2). 2

The VC chooses the capital investment rate ¢ and the EN’s pay performance sensitivity b to
maximize A¢(b,c). We first determine the VC’s optimal investment rate ¢(b) as a function of the
EN’s pay-performance sensitivity b. We then derive the optimal pay-performance sensitivity and
the corresponding investment rate.

The function ¢(b) in (26) is nonpositive when b > ~/3. Given that A; decreases with ¢, it
follows directly from Assumption 2 and (25) that the VC will never choose a pay performance
sensitivity b > /3. For b € (0,7/03), ¢(b) > 0 and Assumption 1 guarantees that A.(b, ) is strictly

concave in ¢ since the exponent on c is guaranteed to be less than 1. Consequently,
A =8
c(b) = K¢(b)T-r=7 (27)

Ap(bye(D) = Awb—Asb+ Ke(b) + () € —1l; — Rp) . (28)
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The constants K and K in (27) and (28) are positive and depend on «, 5 and . We conclude that

the VC will choose the pay performance sensitivity in period [t,¢ + dt] to solve

b; := arg 0<I£l<a’)y(/ﬁ A¢(b, c(b)). (29)

In addition, we have the following characterization.
Proposition 1
(a) Under Assumption (1) the optimal investment function c(-) is positive, increasing and strictly

concave on (0, 1], is decreasing on [1,~/[] and therefore achieves its maximum at b = 1.

(b) Under Assumptions (1) and (2) there is a unique solution b; € (0,1) to (29).

The Inductive Step

We now set t = T' — 2dt, and suppose the project has not been terminated as of date (T — 2dt). If
the VC’s investment rate is ¢, the EN’s contractual parameters are (a,b), and he exerts effort 7,

his continuation value (14) is given by
—EN —rdt
CU;, = EXPN[(aVidt + bdVy — k' Vidt) + e " UCU, 4 g1
= BN [(aVidt + bdV; — kn"Vidt)] . (30)

The first line above follows by the law of iterated expectations and the second line follows from
(21). Since (30) is identical to (18), our previous arguments show that the EN’s optimal effort
n(b,c) is given by (20) and the component a(b, ¢) of the EN’s compensation is given by (22).

It remains to determine the VC’s optimal choices for the investment rate and pay performance
sensitivity. Incorporating the EN’s best effort response, the VC’s continuation value at date ¢ is
(see 15)

(1=0)dV; — a(b, c)Vidt — cVidt — RpVidt -
Vi

= At(b’ C)dt + e—TthIYC maX(CV;H-dt, O) ) (32)

CV,=E/¢ max(C'Viyat,0) (31)
t

where the second line follows from (23) and (24). Since the EN’s effort is observable, the updated
assessments of project quality at date t + dt, uﬁ]gt, do not depend on the VC’s investment or the
EN’s effort over the period ¢ 4 dt. It then follows from (24) and (25) that the second term on the
right hand side of (32) does not depend on the EN’s effort or the VC’s investment at date ¢. Hence,
the VC’s continuation value at date ¢ is maximized when the optimal investment is given by (27)
and the optimal pay performance sensitivity solves (29).

We can clearly extend the above arguments by induction to any date ¢t and thereby derive the

equilibrium, as characterized in the following theorem.
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Theorem 1 (Characterization of Equilibrium)
Under Assumption 1, if the project has not been terminated as of datet € [0,T], then an equilibrium

contract offered by the VC and the EN’s effort in the period is characterized, as follows:

e The pay performance sensitivity is by, the solution to (29);

The investment rate is ¢ := c(bf) where c(-) is defined in (27);

The fixed portion of the EN’s compensation is af := a(bj, c;) defined in (22);

The optimal effort level is n; := n(b}, ¢f) defined in (20).

The VC’s maximum continuation value at date t is given by

within-period flow future option value
T dt pve
CVi=  A(b5,cp)dt + e " E/“[max{CViia,0}] . (33)

4.3 The VC’s Objective Function

Since the degree of asymmetry in beliefs, A;, and variance, o7, are deterministic functions of
time—see (7)—it follows from Proposition (1) and Theorem 1 that the equilibrium values for
the pay performance sensitivity, investment and effort at each point in time (conditional upon
continuation) are positive and also deterministic. The only component of the contract that is
stochastic and is adjusted based on realizations of the termination value V; of the project (the
“signal” of project quality) is the fized component a; of the EN’s compensation. Furthermore, the
equilibrium described in Theorem 1 is stable—the EN’s pay performance sensitivities, effort, and
the VC’s investment rates are continuous functions of the model parameters.

As summarized in Theorem 1, the equilibrium contract at date ¢ is determined by b;. Let
Fy(b) := Ay(b,c(b) — ' © + 1y + Ry = Ayb — pb + Kc(b) (34)
denote the “controllable” portion of the “within-period flow” in period [t,t 4 dt]|, and define

Fr = Fi(b). 35
= g ) (55)

Clearly, the solution to (29) is also a solution to (35). The VC's objective function, Fy(b), consists
of three components:

Economic rent from the EN’s optimism. The term, Ab, reflects the rents that the VC extracts

from the EN by exploiting his optimism about the project’s intrinsic quality.

Cost of risk. The term, Asb, reflects the VC’s costs of risk-sharing with the risk-averse EN. We

refer to As as the price of risk.
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Return on investment. The “return on investment” term, Kc(b), reflects the VC’s expected return
as a result of her investment and the EN’s effort.
In the next two sections we show how the interactions among these three components determine

how the equilibrium changes with market conditions.

4.4 Comparisons with Observed Contractual Structures

By (16), the change in the EN’s stake in the project over any period [t,t + dt] has a “fixed”
component a;V;dt and a “risky” component b;dV;. Because the termination value process grows
in expectation if the project is continued, and the VC has the bargaining power, the parameter a;
is generally negative. Hence, the component a;V;dt is similar to a “debt” or “dividend” payment
made by the EN, while the component b;dV; is the “equity” portion of the EN’s compensation
over the period. Recall, however, that all payoffs occur upon termination so that no payments
are actually made by the EN prior to termination. The portion fOT a;Vidt of the EN’s termination
payoff could be viewed as a cumulative debt or dividend payment from the EN to the VC fund
while the portion fOT bidV; is the cumulative outcome of the changes in the EN’s equity stake over
each period.

Because the VC fund’s stake in the project at any date t is V; — P, the VC fund’s payoff at
termination is — [ a;Vidt + [ (1 — bf)dV;. The VC fund, therefore, holds a contract that has
“debt” as well as “equity” components. These features of the optimal contract are consistent with
data on observed VC contracts reported by Sahlman (1990) and Kaplan and Stromberg (2003).
They document that the most commonly observed security held by VCs is preferred stock in which
VC investors hold a claim to a preferred dividend stream (that could be deferred) as well as an
equity claim to any residual value of the venture. The complex path-dependence of the VC fund’s
and EN’s payoffs, however, implies that the equilibrium contract between the VC and the EN can
only be implemented (or approximated) using combinations of different financial securities, which
is also consistent with the evidence in Kaplan and Stromberg (2003).

Because the VC has the bargaining power, we observe that the VC fund’s claim to the firm’s
payoffs ensures that it recovers the cumulative investment fOT c; Vidt with very high probability. This
prediction is also consistent with empirical evidence that the claims of VC investors in liquidation
are at least as large as their original investments (see Section 3.4 of Kaplan and Stromberg, 2003).
There is, however, a not insignificant probability that the VC fund does not recover its cumulative
investment, especially if the project is terminated early because of poor intermediate realizations
of the termination value. This is consistent with the evidence in Cochrane (2005) that a significant

proportion (about nine percent) of VC projects fail to return their investments.
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Another salient feature of venture capital agreements is the vesting of the EN’s stake in the firm
over time. In our framework, if the EN terminates the agreement at some date s < 7, his payoff is
Py = [J[a;Vidt + bjdV;], which is lower, in expectation, than his payoff Pr if he were to continue
the relationship until the optimal termination time 7.

Broadly, the above discussion shows that the equilibrium contract between the VC and the EN
has many of the features observed in actual venture capital contractual structures. Since there is
a lack of more precise data on actual contracts, in particular, more detailed information on the
functional forms of actual payoffs, it is not possible to establish tighter links between the optimal

contracts predicted by our theory and observed contracts.

5 Equilibrium Dynamics

In this section, we investigate the properties of the equilibrium contract between the VC and the
EN. Before analyzing the general scenario with asymmetric beliefs, we briefly discuss two benchmark

scenarios.

5.1 Symmetric Attitudes towards Risk and Symmetric Beliefs about Project
Quality—No Agency

In this scenario, the VC and the EN are both risk-neutral and have symmetric beliefs about the
project’s quality. Therefore, A = 0 and A; = 0 for all ¢. It follows that the economic rent from the
EN’s optimism and the cost of risk components the VC’s objective function (34) are zero. The third
component, the return on investment, is always maximized at b = 1 (Proposition 1). Therefore,
the equilibrium levels of pay performance sensitivity, the VC’s investment rate and the EN’s effort
are constant through time, and the VC’s investment rate is at its highest possible level. These
results follow from the fact that as the VC and the EN have symmetric attitudes towards risk and
symmetric beliefs, they effectively function as a monolithic agent. Moreover, the risk-neutrality of
the VC/EN implies that risk (intrinsic and transient) of the project does not affect the investment

rate, the EN’s contract or his effort.

5.2 Symmetric Beliefs

In this scenario, the VC’s objective function

Fi(b) = F(b) := —Asb+ Ke(b) (36)
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is independent of time. It is also strictly concave by Proposition (1). The time paths of pay
performance sensitivity, investment and effort are all constant; we let by, ¢, and 7, denote the
corresponding equilibrium values.

By Proposition 1 the optimal investment function achieves it maximum at b = 1, which implies
that ¢/(1) = 0. Tt then follows from (36) that F’(1) < 0. Since F'(b;) = 0, the strict concavity of
F(-) now guarantees that b; < 1, and therefore both cj, and 7, are less than the investment rate
and effort levels in the “no agency” scenario where the VC and the EN are both risk-neutral and

have symmetric beliefs about project quality.

5.3 Imperfect Information and Asymmetric Beliefs—The Actual Scenario

In the actual scenario, the VC’s objective function may be expressed as
A
Fy(b) = =3 o2b+ F(b). (37)
90
Since oy — 0, it follows from the Theorem of the Maximum that bf — by, and thus (i, n;) — (cj, 1)
by continuity where (b;, Cps 17;) are the equilibrium pay-performance sensitivity, investment rate, and
effort in the benchmark scenario with symmetric beliefs discussed in the previous subsection. We
now characterize the manner in which these economic variables converge to their asymptotic values

(conditional on the project’s continuation).!’

Theorem 2 (The Dynamics of the Equilibrium)
The EN’s pay-performance sensitivity, b;, the VC’s investment rate, ¢/, and the EN’s effort, n;, all

decrease monotonically with ¢ and respectively approach by, ¢, and n, as t — oo.

The results of Theorem 2 hinge on the interplay among the value-enhancing effort by the EN that
is positively affected by his optimism, the costs of risk-sharing due to the EN’s risk aversion that are
negatively affected by the project’s intrinsic risk, and the effect of both the VC’s physical capital
investment and the EN’s effort on output. The passage of time lowers the degree of asymmetry
in beliefs as successive project realizations cause the EN to revise his initial assessment of project
quality. Since the EN is optimistic, he is willing to accept a greater portion of the project’s risk
so that his pay performance sensitivity and effort are initially high. The negative effect of the
evolution of time on the EN’s optimism, however, causes the EN’s pay performance sensitivity and
effort to decline over time. The decreasing effort of the EN makes it optimal for the VC to also

lower her capital investments.

10T Section 7, we show that the termination time is a random stopping time.
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6 Sensitivity of Equilibrium Dynamics

Theorem 3 below characterizes how the equilibrium paths of pay performance sensitivity, investment
rates and EN’s effort are affected by changes to the “risk” parameters (e.g. the transient risk, 0(2] ,
the intrinsic risk, s2, and the EN’s cost of risk, A), the initial degree of asymmetry of beliefs, A

and the EN’s cost of effort, k.

Theorem 3 (Sensitivity of Equilibrium Dynamics)

The paths of the EN’s pay performance sensitivity, the VC’s investment rates and the EN’s effort
are each pointwise (a) decreasing functions of the EN’s cost of risk; (b) decreasing functions of the
initial transient risk; (c) decreasing functions of the intrinsic risk; (d) increasing functions of the

initial degree of asymmetry of beliefs; and (e) decreasing functions of the EN’s cost of effort.

The EN’s pay performance sensitivity declines with his cost of risk because an increase in the
EN’s cost of bearing risk increases the costs of risk-sharing between the VC and the EN. An increase
in the transient risk lowers the degree of asymmetry in beliefs at each date because the “signal to
noise ratio” is increased so that the EN “learns faster”. Hence, the economic rents to the VC in
each period from the EN’s optimism are lowered relative to the costs of risk-sharing so that the
EN’s pay-performance sensitivity declines. An increase in the intrinsic risk, on the other hand,
increases the degree of asymmetry in beliefs at each date because the EN “learns more slowly” but
also increases the costs of risk-sharing. Under Assumption (2), the costs of risk-sharing outweigh
the benefits of the EN’s optimism so that the EN’s pay-performance sensitivity also decreases with
intrinsic risk. As a consequence, the investment rates and EN efforts also decline.

An increase in the EN’s optimism leads to a corresponding increase in the economic rents to
the VC in each period. The VC exploits this in each period by increasing the pay-performance
sensitivity and investment, thereby leading to an increase in effort by the EN. Under Assumption
(1), the economic rents that the VC can potentially capture due to the EN’s exaggerated assessment
of project quality are low compared with the costs of risk-sharing and inducing effort from the EN.
Therefore, as the EN’s cost of effort increases, the VC lowers the EN’s pay performance sensitivity

as well as her own investment in the project in each period.

7 Project Duration

In this section, we investigate the optimal termination decision of the VC, which determines the
project’s duration. We begin by describing the optimal termination policy of the VC. At any date

t, we show that the VC’s continuation value is an increasing, continuous function of her current
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assessment, p;, of the project’s quality. Since the VC continues the project if and only if her
continuation value is nonnegative, there exists a trigger level at each date such that she continues
the project if and only if her current assessment of the project’s quality exceeds the trigger.
Proposition 2

The optimal stopping policy for the VC is a trigger policy: there exist pj such that the VC

terminates the project only if )¢ < uf.
Let Y *dt := (c;%n;P — 0.55% — £;)dt. Since dInV; = Y dt + &dt by (2), it follows that
t t t
IV, —InV :/ dInV, = (/ Yidu) + (/ Eudu).
0 0 0
Given the formula for p; given in (4), we may conclude that
pe > pg if and only if V; > V¥,

where

Vi == exp

t 2 o2\t — 2
o [ - 2= ]
0

%0

The process {V;*} represent the performance targets that the project must meet at each date to
ensure the continuation of the relationship. Thus, either the pj or the V;* may be used to define
the VC’s termination policy; the performance targets are more commonly used in practice.

An increase in the EN’s initial degree of optimism about project quality increases the rents
that the VC is able to extract by exploiting the EN’s optimism thereby increasing her expected
continuation value at each point in time. Hence, it is optimal for the VC to prolong the project’s
duration. An increase in the EN’s cost of risk or cost of effort, however, increases the costs of
risk-sharing for the VC, thereby lowering her continuation value at each point in time. Hence, the
VC terminates the project earlier. The following result summarizes the effect of the EN’s initial
assessment of project quality, his cost of risk, and his cost of effort on the duration of the project.
Proposition 3
The project duration T increases with the initial degree of asymmetry in beliefs, decreases with the

EN’s cost of risk, and decreases with the EN’s cost of effort.

The following result establishes that the project is terminated in finite time almost surely. The
result ensures that our assumption of a finite time horizon for the VC-EN relationship does not
entail a significant loss of generality.

Proposition 4
For any ¢ > 0 there exists a T > 0 such that if the maximum possible time horizon is T > T, then
the project duration is strictly less than T with probability greater than 1 — .
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8 Calibration and Estimation

We have developed a structural model of venture capital investment and described static and
dynamic properties of the equilibrium. In this section we determine the baseline values of the
parameters of the model by matching the model to empirical evidence. In the next section we
use the matched model to assess the impact of asymmetric beliefs and agency conflicts on venture
capital relationships.

The parameters of the model can be classified into two groups: those whose baseline values
can be directly set using guidance from previous empirical research, and those whose values are
indirectly determined by matching statistics predicted by the model to empirical evidence. With
respect to the direct parameters, we assume a production technology with constant returns to scale
so that § = 1—a. We assume that the function [(¢), which determines the losses in each period, has
the quadratic form I(t) = l;#2. Cochrane (2005) finds that the average return on venture capital
investment in his sample is 15%. We, therefore, set the benchmark return Rj to 15%. Finally,
Cochrane (2005) reports an average risk-free rate of 0.068 for his sample so that we set the risk-free
rate r to 0.068.

There are nine parameters of the model whose values we cannot directly set using guidance
from previous empirical research. These parameters are the capital intensity « of the production
function, the initial transient risk 0(2), the intrinsic risk s2, the “level” of losses in each period Iy,
the VC’s initial mean assessment of project quality ME)/ € the initial degree of asymmetry in beliefs
Ao, the EN’s cost of risk A, the EN’s “level” of disutility of effort k, and the disutility of effort
exponent .

Table 4 of Cochrane (2005) reports data on the risks and returns of VC projects in rounds 1, 2,
3, and 4, as well as the average number of rounds of financing. We indirectly infer the above nine
parameters by simulating the model and matching the predicted round-by-round risks and expected
returns of a VC project and the mean number of rounds of financing to their corresponding observed
values in Cochrane (2005).

In our numerical analysis, we use a discrete-time approximation of the continuous-time model,
where the time interval between successive dates is the length of a round of financing.!' As Gompers
(1995) reports that the mean length of a round of VC financing is approximately one year, we set

the time interval between successive dates to one year. In our framework, the analogues of the

11p reality, venture capitalists also stage capital investments within a round of financing. We abstract from the
staging of investments within rounds in our framework.

23



round-by-round returns of a VC project in Cochrane (2005) are

In [(V; — c—1Vi—1)/Viaa], t=1,2,3,4.

We use nine statistics to estimate the values of nine parameters.'?

Estimated Parameters, Observed and Predicted Statistics

The numerical implementation proceeds as follows. As explained in Section 7, the key stochastic
variable in the model is the VC’s current assessment of project quality, p) ¢, which determines
whether the relationship is continued or terminated at any date t. Therefore, we directly model
the evolution of u) C, which is described by (5). In the first stage, we approximate the evolution
of uY'C using a discrete lattice and derive the termination triggers uf. In the second stage, given
the triggers obtained from the first step, we use Monte Carlo simulation to model the evolution of
e ¢ and to obtain the key output variables of interest.

For each candidate vector of parameters, we compute the values of the aforementioned nine
statistics predicted by our model. We then use an optimization routine in MATLAB to find the
set of parameter values for which the statistics predicted by our model most closely match their
observed values. The measure of distance is the sum of the squares of the distances of the predicted
values from the observed values.® Table 1 shows the baseline values of the model parameters
obtained after estimation. Table 2 compares the predicted values to their observed counterparts.

The model is able to match the observed statistics quite well.

Out-of-Sample Predictions

Using a dataset different from that of Cochrane (2005), Sahlman (1990) reports statistics on the
distribution of terminal value from venture capital investments. To investigate the “out-of-sample”
predictive ability of the model, we set the parameter values to their baseline values in Table 1 and
compare the observed values of the statistics reported in Sahlman (1990) to their predicted values.

In Figure 1 of Sahlman (1990), he reports that 2% of total firm value is attributable to those
firms whose return was negative, 23% of the total firm value is attributable to those firms whose
return was between zero and five times the amount invested, and the remaining 75% of total firm
value is attributable from those firms whose return exceeded five times the amount invested. Let

Inv := Vo + >/, ¢;V; denote the firm’s cumulative investment and let Ret := V;/Inv represent

2In Table 3, Cochrane (2005) reports the risks and returns from each round to eventual TPO or acquisition. These
statistics are not appropriate for our estimation because our model does not distinguish between the various ways in
which a VC project could be terminated: IPO, acquisition, liquidation, etcetera.

13The details of the numerical implementation are available upon request.
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the firm’s return. In our model, these statistics are the ratios

E[V; 1(Ret € T,)]
E[Inv 1(Ret € ;)]

J=12,3,

where Z; = (—00,0], Zo = (0,5], Z3 = (5,00). Our model predicts corresponding values of 1.44%,
22.40% and 76.16% for the Sahlman (1990) statistics, which compare very well with the observed

values 2%, 23% and 75%, respectively.

9 Numerical Results

In the numerical analyses to follow, we compare the actual scenario in which there are asymmetric
beliefs and agency conflicts with the two benchmark scenarios discussed in Section 5, the no agency
scenario, in which the VC and EN are both risk-neutral and have symmetric beliefs, and the

symmetric beliefs scenario, in which beliefs are symmetric, but the EN’s cost of risk is nonzero.

9.1 Output Variables

We compute several key output variables in each of these scenarios.!* We interpret the benchmark
return on assets R as the project’s cost of capital. The “rational expectations” value of the firm at
date zero, which is the expected total payoffs to the firm less the incremental capital investments

discounted at the rate Ry, is

T—1
Firm Value = E(‘)/C [e*R”TVT — Z e*R”tctVt] ) (38)
t=0

The rational expectations value of the VC fund’s stake in the firm at date zero is
VC Value = Firm Value — EY© [e*RbTPT} , (39)

which is the firm value less the termination payoff to the EN discounted at the rate R,. We also

compute and report the cumulative total investment in the project,
T—1
Investment = Ey [Z ctVt] . (40)
t=0

The expectations in (38)-(40) are with respect to the VC’s beliefs about the distribution of project
quality, which are assumed to be correct. The termination value process evolves as in (1) with the
contractual parameters, (a*, b*, ¢*), the EN’s effort, n*, and the performance targets, V*, set to
their equilibrium values for the specific economic scenario (no agency, symmetric beliefs or actual)

being analyzed. When necessary, we indicate the economic scenario with a superscript.

14Keep in mind that the time period between successive rounds is set to one year in our discrete time approximation.
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To measure the cost of agency and the benefit of EN optimism we define:

Firm ValueR© 28eNncy _ pirm ValuyeSymumetric beliefs
Agency Cost = : (41)
Firm Value™© a8ency

Firm Value™™© 88€1¢Y _ Fipm Valueactual
Actual Cost = 19
Firm Value© 28€1¢y (42)

Firm Valuectual _ pirm VaggeSymmetric beliefs
Benefit of Optimism = 1 Yarue 1 Varue Doliols - (43)
Firm Value™© 38€0¢Y _ Firy ValueSymumetric beliels

We also compute the above statistics when ‘VC value’ defined in (39) is substituted for firm value.

9.2 Baseline Analysis

Table 3 reports the firm value, VC value, and investment as defined above for the baseline model. We
see that EN optimism significantly mitigates the deadweight agency costs of risk-sharing between
the VC and the EN. When evaluated in terms of firm value, the agency cost is 58%, the actual cost
is 52%, which implies that the benefit of EN optimism is 12%. With respect to the VC value, the
agency cost is 28%, the actual cost is 17%, which results in the benefit of EN optimism being 37%.
Hence, while EN optimism has a positive effect on firm value, it is significantly more beneficial to
the VC. The VC exploits the EN’s optimism to her advantage and disproportionately increases her
share of the resulting surplus.

Table 3 also displays the distribution of the project’s duration. Here, p! := Pr{r =i+ 1}.
The project has a significantly greater probability (29.8%) of being terminated at the end of one
year compared with the no agency scenario (16.3%). The benefits of EN optimism are, however,
reflected in the fact that the project is more likely to last longer and, therefore, generate more value
compared with the benchmark scenario in which beliefs are symmetric.

Table 4 reports the EN’s pay-performance sensitivities, the VC’s investment rates, the termi-
nation probabilities and the dollar investments Z; := ¢V; (conditional on continuation) for the
first four rounds. Consistent with Theorem 2, the EN’s pay-performance sensitivity and the VC’s
investment rate decline over time. The EN’s pay-performance sensitivity decreases sharply across
the four periods, while the decrease in the VC’s investment rate is gradual. Successive capital

infusions by the VC, therefore, rapidly reduce the EN’s relative stake in the firm.

9.3 Comparative Statics

We now carry out several “comparative statics” analyses by varying parameters about their baseline
values in Table 1. We focus on exploring the comparative statics with respect to four parameters
of interest, namely, the physical capital intensity of the production function, «, the initial transient

risk, 03 , the intrinsic risk, s?, and the initial degree of asymmetry in beliefs, Ay.
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Table 5 reports the expected project duration, firm values, VC values and investments for the
actual scenario and the two benchmark scenarios. The table also reports the corresponding agency
costs, actual costs and benefits of EN optimism as defined in (43). Table 6 shows the corresponding

variations in the dynamics of the VC-EN contract.

The Effect of Human and Physical Capital Intensity

From Table 5, we observe that in the actual and benchmark scenarios, the expected project duration,
firm value, VC value, and the total investment all decline with the physical capital intensity of the
production function. In our numerical analyses, we assume a constant returns-to-scale production
function so that o + 8 = 1. Hence, as the physical capital intensity increases, the human capital
intensity decreases, which reduces the relative contribution of the EN’s effort to output.

As shown by Table 6, the VC’s proportional investment rate in the project in any round (con-
ditional on continuation) increases as the physical capital intensity increases. However, the VC’s
dollar investment in any round ¢ is ¢;_;V;_1. As the physical capital intensity increases, the lower
surplus generated by the EN’s effort causes the termination value process to decline path-wise and
the termination probabilities increase, i.e., the project terminates “earlier”. Hence, even though
the proportional investment rates conditional on continuation increase with the physical capital
intensity, the total investment over the duration of the project declines. Moreover, consistent with
the fact that the relative contribution of the EN’s effort declines with the physical capital intensity,
the EN’s pay-performance sensitivities in each round decline as shown by Table 6.

Because the relative contribution of the EN’s effort to output declines with the physical capital
intensity of the production technology, the deadweight agency costs of risk-sharing between the VC
and the risk-averse EN also decline. Interestingly, we observe from Table 5 that for relatively high
physical capital intensities (e.g. o = 0.45), the VC value in the actual scenario could exceed the
VC value in the no agency scenario. In other words, it is possible for the EN optimism to more
than completely offset the agency costs borne by the VC.

The above results lead to the following testable implications:

Testable Implications 1

a) The value of the firm, the payoff to the VC, the total investment, and the expected duration
decrease with the physical capital intensity of the project and increase with its human capital
intensity.

b) The VC’s investment in any round as a proportion of the termination value of the project

decreases with the project’s physical capital intensity and increases with its human capital intensity.
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¢) The EN’s pay-performance sensitivity in any round decreases with the project’s physical capital

intensity and increases with its human capital intensity.

The Effect of Technical Risk

An increase in the transient risk has two opposite effects on firm value, VC value and total in-
vestment. On the one hand, the EN “learns more quickly” due to an increase in the “signal to
noise” ratio (see 7). The faster convergence of the EN’s beliefs lowers the economic rents that
the VC could extract from the EN’s optimism, which has a negative effect. On the other hand,
it increases the likelihood of both “high” and “low” realizations of project quality. Since the VC
also learns faster about the true project quality and can limit her downside by terminating the
relationship if intermediate signals of project quality are sufficiently poor, the option value of the
project increases, which has a positive effect. As we observe from Table 5, the positive effect of the
option value dominates the negative effect on the power of incentives to the EN, thereby leading to
a sharp increase in the firm value, VC value and investment in the actual and benchmark scenarios.

The positive effect of the option value of continuing the relationship is further illustrated in
Table 6, which shows that the probability of the project being continued beyond the third round
dramatically increases. (It also shows that with a higher likelihood of a low realization, the proba-
bility of terminating at the end of round 1 increases.)

For high values of the transient risk, Table 5 shows that the firm value is over forty times the
termination value 1} at date zero in the actual scenario (recall that we normalize Vp = 1). Consistent
with the evidence in Cochrane (2005), this reflects the highly skewed nature of the payoffs from
venture capital investments and the tremendous value that could be generated by the presence of
uncertainty about the quality of innovative ventures. The sharp increase in the VC value with the
project’s transient risk, or the degree of uncertainty about its quality, is consistent with empirical
evidence that VCs have significant incentives to finance highly innovative projects compared with
mature or “imitating” projects because there is greater uncertainty about the quality of innovative
projects (for example, Hellman and Puri, 2000).

The above results lead to the following testable implications:

Testable Implications 2
a) The value of the firm, the payoff to the VC and the total investment all increase with the project’s
initial transient risk.

b) The EN’s pay-performance sensitivity in any round declines with the initial transient risk.
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The Effect of Intrinsic Risk

Thus far, the benchmark return or the cost of capital Ry is fixed at its baseline value 15%. To
explore the effects of varying the intrinsic risk, however, we must incorporate the fact that the
cost of capital also varies with the intrinsic risk. For concreteness, we assume that the benchmark
return is an affine function of the intrinsic risk, that is,
R,— R
Sl S

R =
b(s) =71+ 3

; (44)

where R;, and § denote the values for the benchmark return and the intrinsic risk reported in Table
1 and r is the average risk-free rate 0.068 reported in Cochrane (2005).

The effects of intrinsic risk are not a priori obvious because an increase in intrinsic risk has
several competing effects on firm value, the VC value, and investment. First, in contrast to the
effect of transient risk, an increase in the intrinsic risk causes the EN “learns more slowly” because
the “signal to noise” ratio decreases (see 7). The slower convergence of the EN’s beliefs has a
positive effect on the rents the VC is able to extract from the EN’s optimism. Second, an increase
in the intrinsic risk increases the costs of risk sharing between the VC and the EN, which has a
negative effect on firm value, the VC value, and investment. Third, the benchmark return Ry(s)
(the “hurdle rate” or “cost of capital”) decreases with intrinsic risk, which has a negative effect on
firm value and the VC value. Fourth, the effect of intrinsic risk on the option value of continuing
the relationship is non-monotonic. The standard deviation of the assessment of project quality, o}’
given by (6) decreases with the intrinsic risk before time #(s) := (s/0¢)? and increases with the
intrinsic risk after this time.!> Since ¢(s) increases with s, an increase in s? delays the benefits of
the option value of continuing the relationship.

We observe from Table 5 that the expected duration, the firm value, the VC value, and the
investment, all decline with the project’s intrinsic risk in the actual and benchmark scenarios. The
increase in the cost of risk, the lower economic rents and the higher cost of capital outweigh the

potential increases in the option value. These results lead to the following testable implications:

Testable Implications 3
a) The value of the firm, the payoff to the VC, the total investment, and the expected project
duration all decrease with the project’s intrinsic risk.

b) The EN’s pay-performance sensitivity in any round decreases with the project’s intrinsic risk.

Follows directly from dot/ds = of(tod — s%)/(s* + tad)?.
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The Effect of the Degree of Asymmetry in Beliefs

The increase in firm value, the VC value, the project’s duration, and investment with the degree
of asymmetry in beliefs shown by Table 5 illustrate the positive effects of the EN’s optimism. An
increase in the degree of asymmetry in beliefs mitigates the costs of risk sharing between the VC and
the EN thereby enhancing the power of incentives that could be provided by the EN. As shown by
Table 6, the EN’s pay-performance sensitivity in any round increases with the degree of asymmetry
in beliefs. These results lead to the following testable implications:

Testable Implications 4

a) The value of the firm, the payoff to the VC, the total investment, and the expected project
duration all increase with the initial degree of asymmetry in beliefs about project quality.

b) The EN’s pay-performance sensitivity in any round increases with the initial degree of asymmetry

in beliefs about project quality.

Prior literature reports empirical evidence that is indirectly consistent with the implication
a) above. The positive effects of EN optimism on firm value are consistent with the empirical
evidence reported in Gelderen, Thurik and Bosma (2005). The negative relation between duration
and the degree of EN optimism is consistent with the evidence in Kaplan and Stromberg (2003)
that experienced entrepreneurs, who are likely to have more realistic beliefs, receive fewer rounds

of financing.

9.4 Implied Discount Rates

Sahlman (1990) reports that VC’s typically adjust for EN optimism by discounting EN projections
at high discount rates. To assess the magnitude of such adjustments, we calculate the implied
discount rate (IDR). The VC “simulates” how the termination value process would proceed under
the EN’s initial beliefs about project quality. Since her beliefs have not changed, the equilibrium
contract, (a*,b*,c*), the EN’s effort, n*, and the performance targets, V*, all remain unchanged.
However, the signals of project quality now follow the EN’s distribution. The implied discount rate
is the rate at which the VC would have to discount her terminal payoff and investments in this
new scenario to match her true beliefs about firm value and VC value defined in (38) and (39),

respectively. More precisely, the implied discount rates Gr, By ¢ solve:

T—1
Ey [e_ﬁFTVT - Z e Prie, v, ‘ O ~ N(ud™, 0(2))] = Firm Value (45)
t=0
T—1
Eq [e_ﬂVCT(VT - Pr) - Ze_ﬁVCtCtVt ‘ O ~ N(ud™N, 03)} = VC Value. (46)
t=0
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Tables 7 and 8 report the IDR’s for varying values of a, 03, s%, Ag. Except for the results where
Ag is varied, all the IDR’s lie between 0.475 and 0.525. These values lie in the “midpoint” of
the range 0.40-0.60 for the IDR’s reported in Table 6 of Sahlman (1990). Over a wide range of
parameter settings, we see that the IDR’s are all remarkably stable. Not surprisingly, the variation
of the IDR’s with A is approximately linear.

Cochrane (2005) comments that the discrepancy between the high discount rates used by VCs
and the lower ex post returns of VC investments is an enduring puzzle of the venture capital
literature. Through the results of Tables 7 and 8, our study provides a rationale for these findings.
Note that the firm value and the VC value according to the VC’s beliefs, which are given by (38)
and (39), respectively, are computed using a reasonable discount rate of 15%, which is the average
return on VC projects reported in Cochrane (2005). The implied discount rates are much higher
because they adjust for the EN’s optimistic projections of the project’s payoffs.

The fact that our model, which is calibrated to the risk and return data in Cochrane (2005),
generates implied discount rates consistent with those reported in Sahlman (1990) strongly suggests
that entrepreneurial optimism explains these findings. Moreover, the numerical results suggest that

an IDR of 50% is a remarkably good rule-of-thumb to value venture capital projects.

10 Conclusions

We develop a dynamic, structural model to examine the effects of the interactions among risk,
imperfect information, agency conflicts, and asymmetric beliefs on the characteristics of venture
capital relationships. We show that the presence of entrepreneurial optimism is a key driving force
of the economic value generated by VC relationships and explains why discount rates used by VC
are much higher than discount rates predicted by standard asset pricing theories.

Our principal-agent framework incorporates several key features of VC relationships, namely,
the presence of high levels of intrinsic and transient risk and resulting agency conflicts, imperfect
information and asymmetric beliefs about project quality, and the importance of staged investment
and dynamic contracting in mitigating potential inefficiencies arising from these market imperfec-
tions. Consistent with observed contractual structures, the optimal dynamic contract between the
VC and EN has a “debt” and “equity” component. The EN’s stake in the project vests over time,
and the VC’s claim allows her to recover her investments in the project with high probability.

The EN’s pay-performance sensitivities and the VC’s investment rates decline over time. The
pay-performance sensitivity and investment rate paths decline with risk and increase with the initial

degree of asymmetry in beliefs. The duration, firm value, and the VC value all increase with the
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degree of asymmetry in beliefs about project quality. VCs, therefore, have significant incentives to
encourage or “feed” entrepreneur optimism and exploit it to their advantage, and these incentive
also have beneficial effects on project values. The interplay among the characteristics of the under-
lying project—specifically, its intrinsic and transient risk and the degree of asymmetry in beliefs
about its quality—leads to significant heterogeneity in contractual structures and the patterns of
staged VC investment, which is consistent with empirical evidence. The intrinsic and transient
risks of projects have opposite effects on the durations and economic values of VC relationships.
The value of the project and the expected payoff to the VC are actually enhanced when there is
greater noise in the perception of project quality.

The tractability of the model suggests that it could be useful as a tool to value risky projects
when agents have asymmetric beliefs and have conflicts of interest. Although we focus on venture
capital investment, our framework is more generally applicable to dynamic principal-agent settings
with double-sided moral hazard, risk, imperfect information, and asymmetric beliefs. For exam-
ple, our framework could be applied to study the relationship between the shareholders of a firm
and its manager or employees, the financing of research and development, and delegated portfolio

management (mutual funds, hedge funds). We explore these applications in future research.
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Appendix A

The Relation Between Outside Investors and the VC

Let A; represent the total assets under management at date ¢, which we derive endogenously
in the following. The fund charges a constant proportional management fee, f > 0, and has
quadratic operating costs C(A;) = MA; + NA?. The expected expected excess return on assets
before operating costs and fees is Ey[Ryyqt — Rp], where Ry, 4 is given by (8). Hence, the expected
excess return on assets of the fund net of operating costs and fees or the expected net excess return

is given by
AiE[Riyqr — Rpdt] — fAudt — C(Ay)dt
Ay '

As in Berk and Green (2004), the supply of capital by outside investors is perfectly competitive

(47)

so that in equilibrium investors allocate capital to the fund until the expected net excess return
is zero. It follows directly from (47) that the assets under management are affine in the expected

excess return. Since the VC’s compensation is fQ:dt, it is also affine in the expected excess return.

The Representation of the EN’s Utility as a Recursive or Stochastic Differential Utility
We show that the EN’s utility as described by (10) or (11) actually belong to the general class
of stochastic differential utilities introduced by Duffie and Epstein (1992). If

U; = EEN [e”"(f’t)PT — / e " kn) Vids) (48)
t

is the EN’s conditional expected utility at date ¢, then U; satisfies the following backward stochastic
differential equation or BSDE (see Ma and Yong, 1999):
aU, = (rU, — kn]V;)dt + Z,dBEN
= (TUt — k"l?z‘/;g — )\Zt)dt + Z:d By,
UT — P‘r (49)
The second equality above follows from (13). The process Z; is {F;} adapted and the pair of

processes (U, Z) is the solution of the BSDE (49). From (49), the EN’s conditional expected utility

U; has the general recursive representation

U = UT+/ f(US,Zs)ds—/ Z.dB.,
t t
f(US7ZS> = _TUS+kn;Y‘/L?+AZS; (50)

where the function f is the aggregator (see Duffie and Epstein, 1992, Ma and Yong, 1999).
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Appendix B: Proof of Theorem 1

A rigorous proof of Theorem 1 requires a precise interpretation of equation (1), which describes
the evolution of the termination value process. As we explain below, instead of viewing the termi-
nation value process as a stochastic process that is affected by the VC’s and EN’s actions, we will
consider the termination value process V(-) to be a given random process on a probability space

with investment and effort altering the probability distribution of this process.

The Termination Value Process

We consider an underlying probability space (€, F) with probability measures Q¢, £ € {VC, EN},
representing the VC’s and EN’s beliefs. © is a normal random variable with variance o3 and mean
ug under measure Q' and B is a standard Brownian motion. The complete and augmented filtra-
tion of the probability space generated by the Brownian motion B (+) is denoted by {F;}. Consider

the process V(-) defined by the stochastic differential equation
AV (t) = sV(t)dB(t), (51)

where s? is the intrinsic risk of the project. We use the Girsanov transformation (see Oksendal,
2003) to obtain new probability measures on (£, F) such that the process V (-) evolves as in (1).
Suppose that 7(-) and ¢(-) are strictly positive, square-integrable {F;}-measurable stochastic
processes (under the measures QV'¢ and Q¥V) defined on the time horizon [0, T'] describing the EN’s
choices of effort and the VC’s choices of investments over time. Recall that [(-) is a deterministic

process describing the operating costs of the firm. Define the processes

Conlt) = exp | /O (0 + c(u)™n(u)® — l(u) — Aslp—py)s dB(u) —

5 /0 (O + e(w) (W) — (u)? N1y )s dul (52)
and
B, (t) := B(t) - /O t(@ + c(u)®n(u)® — l(u) — A\sly—pn)s ‘du . (53)
The process (.,(+) is a positive martingale.!® Define the new measure Hﬁm by
l
%’f = Cen(T). (54)

YThe processes are assumed to satisfy the Novikov condition (see Oksendal, 2003):

T
E* exp[%/ (O + c(u)*n(u)’ — Xsly—pn — 1(u))?s 2du] < oo, £ € {VC,EN} .
0

Because the equilibrium investment and effort processes described in Theorem 1 are deterministic and © is a normal
random variable, the Novikov condition is satisfied by these processes.

In fact, we do not need to assume that feasible (not necessarily optimal) investment and effort processes satisfy the
Novikov condition for our analysis to be valid; we only require that they be square-integrable. In this case, the process
Ce,n(+) is only guaranteed to be a local martingale and the measure Hﬁ’n is a finite measure, but not necessarily a
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By Girsanov’s theorem (see Oksendal, 2003), the process Bgn(-) is a Brownian motion under the

measure Hﬁm. Further, under this measure, the process V(-) evolves as
AV (t) = [0 + c(t)™n(t)’ — I(t) — AsLi—pn]V (t)dt + sV (t)dBL, (t) - (55)

Equation (55) describes the evolution of the termination value process under the actual probability
and the EN’s subjective valuation probability, and is identical to equations (1) and (12), but
with the Brownian motion and the probability measures representing the VC’s and EN’s beliefs
depending on the investment and effort processes. It is important to keep in mind that V(-) is a
fized process whose sample paths are not affected by investment and effort. Investment and effort,
however, alter the probability distribution of the sample paths of V(-).

For future reference, we make an important observation. The process
dW!,(t) = s dIn V() — (c(t)*n(t)’ — 0.55% — Asly—pn — I(t))dt — pfdt] (56)

is an {F;}-Brownian motion with respect to the probability measure Hﬁm. Moreover, the complete
and augmented filtration generated by this Brownian motion is {F;}. Recall that the EN’s and
VC’s mean assessments of project quality © at date ¢, u™, )¢ in (2) and (4), do not depend on

the effort and investment processes because they are observable.

Utility Related Processes
Let 7 <T be an {F;}-stopping time denoting the termination time of the VC-EN relationship.
Let c(-), n(-) and 7)(-) be strictly positive {F;}-adapted square-integrable processes on [0, 7].17 A
contract is represented by the triple (P(+), c(:), 7). The processes below are required in the sequel.
The cumulative value process of the EN is the EN’s conditional valuation of his future payoffs
at any date including the sunk disutilities of prior effort from a given contract (P(-),c(:),7) when
his effort choices over time are given by the process 7(-). Formally, we define
UrarlnC)it) = EEYIP() = [ kP | 7). 67)
Here, Efm[- | Fi|;¢ € {VC,EN} denotes conditional expectation at date ¢t under the probability
measure Hén defined in (54). For future reference, we note that the cumulative value process of

the EN is a square-integrable {F;}-martingale under the measure HCEf?V .

probability measure. Our analysis, however, only requires that Hﬁm be a finite measure. Since, as mentioned earlier,
the Novikov condition is satisfied by the equilibrium investment and effort processes, the measure corresponding to
the equilibrium processes is a probability measure.

17"These processes are assumed to satisfy the Novikov condition—see footnote 16.
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For a given contract (P(-),c(-),7) and for a given effort process 7(-), the certainty equivalent

process for the EN is defined as

Rper(n(-);t) = Upen(n()it) +/0 kn(u)V(u)du , ¢ €0,7] . (58)

At date t, Rp.-(n(-);t)) equals the EN’s expected utility for the remaining duration of the VC-EN
relationship.
The adjusted cumulative value process of the EN represents the cumulative value process of the
EN when he exerts effort 7(s); s <t and effort 7(s); s > t. Formally, we define
t T
Vear(n():t:00) = EEYP() = [ kn(?V(du— [ ki Vda) | 7] (59)
t
The EN’s mazximum conditional valuation process represents the EN’s maximum conditional
valuation of his future payoffs at date t given that he has exerted effort n(s); s < ¢ and the contract

is (P(+),c(+), 7). Formally, we define

ZP,C,T("?('); t) = Supﬁ(-)YP,c,T(n('); L ﬁ()) : (60)

Implementation of a Given EN Effort Process

To simplify the subsequent notation, we drop the subscripts denoting the dependence of the
processes defined in (57)-(60) on the contract (P(-),c(:), 7). A contract (P(-),c(-),7) is said to im-
plement a given effort process n*(+) if and only if P(0) = V/(0) and, given the contract (P(-),c(:), 1),
the EN’s optimal effort choices are given by the process n*(-). The following Lemma characterizes
the contract (P(-),c(+), ) that implements a given effort process n*(-) of the EN.
Lemma 1
a) A contract (P(-),c(-),T) implements n*(-) only if P(0) = V(0), P(t) = R(n*(-);t) a.s., and the

certainty equivalent process R(n*(-);-) satisfies the following stochastic differential equation:

AR(n*(\);t) = a(t)V(t)dt + b(t)dV (t) (61)
where
b(t) = 51y (62)
Be(t)® ’
alt) = k" (6) = b() ()" (1) = As = 1(t) + pfN). (63)

b) The EN’s continuation value defined in (14) is zero at each date.

Proof. a) When the certainty equivalent process R(n*(-);t) corresponding to the given effort
process n*(-) evolves as in (61), we show below that the EN’s optimal effort choices after any given

date ¢ coincide with the process n*(-) regardless of his prior history of effort choices. In other words,
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the process n*(+) solves (60) for any prior effort process 7(:). Since the date ¢ is arbitrary, it will
then follow that the EN’s optimal effort choices over the entire interval [0,7) correspond to the
process n*(+) so that the contract (P(-),c(:),7) implements the given effort process n*(-).

By the principle of optimality of dynamic programming (Oksendal, 2003), the effort n*(¢) is
optimal for the EN at date ¢ for any prior effort process n(-) only if

n*(t) = argmaxn(t)Ecm[Z(n(-);t +dt) — Z(n(-);t) | Fi] = argma:cn(t)Ecm[dZ(n(-); t) | Fi] . (64)

In what follows, we derive the infinitesimal change dZ(n(-);t) and then use (64) to establish the
statements of the Lemma.

It follows from the definition (60) that
Z(n()it) = supy )Y (n()it;n'())
= sV OOt () & [ (s = (V)i
= Z ();t) + X (n(-);t) (65)

where we define the stochastic process

X(n();t) == k‘/o [n(s)” —n"(s)7]V (s)ds . (66)

The second equality in (65) follows because the contract P(.) only depends on the history of the
termination value process, and because the EN’s effort choices are observable, and so his prior effort
choices over the interval [0, ¢] do not affect his optimal effort choices over the interval [¢, 7]. It may

be readily verified from (65) and (66) that
dZ(n(-);t) = dZ(n*(-);t) + k(&) —n"(&)")V (t)dt . (67)
Since the process n*(-) represents the EN’s optimal effort choices by hypothesis, it follows that
Z(n"(-),t) =Um"().1), (68)

and hence the process Z(n*(-),-) is a square-integrable {F;}-martingale under the measure HCEHJYK
It follows from (56) and the martingale representation theorem (see Oksendal, 2003) that there

exists a square-integrable, {F;}-adapted process w(-) such that!?

dZ(n*(-);t) = w(t)denl*V(t) = w(t)s HdIn V (t) — (c(t)*n*(t)° — As — 1(t))dt — pENdt] . (69)

18Since the conditional expectation above only depends on the process n(-) prior to date ¢, which is an arbitrary
process anyway, we avoid complicating the notation unnecessarily in (64) by using the same letter to denote a
candidate (possibly sub-optimal) level of effort in the infinitesimal interval [¢,t + dt].

19Tdentity (69) is an almost sure relation that holds under all equivalent probability measures on the probability
space. It is only under the measure II7) defined in (54) that the process [dV (t) — (c(t)*n*(t)” — 1(t))dt — pr ™ dt] is
the increment of a Brownian motion.
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Since the expectation in the dynamic programming equation (64) is taken under the measure HCEéV ,

it follows from (56) and (69) that Z(n*(-);t) evolves under this measure as
dZ(n*();t) = w(t)s ™ e(t)* (n(t)” =7 (8)7)dt + () dWEY (t) - (70)
Substituting (70) in (67) yields
dZ(n(-);t) = w(t)s ™ e(t)* (n(t)” = n*()°) + k(@) — 0" OV (O)dt +w(OdWEN(©) . (T1)
Having derived the requisite expression for dZ(n(-);t), we substitute it in (64) to obtain
0" (t) = argmaypw(t)s~ e(t) () + kn(t) V(1) . (72)
It then follows that the effort n*(¢) is optimal over the interval [¢,t 4 dt] only if
w(t) ks v

v~ e 3O (%)

From the definition of the certainty equivalent process R(n*(+);-) in (58), and using (68), we have

mmmw=mmww+AMNwwwm. (74)

Using Ito’s Lemma, (69), (70), and (73), we obtain
dR(n*(-);t) = a(t)V(t)dt + b(t)dV (t), (75)

where b(t) and a(t) are given by (62) and (63), respectively, as claimed.

Since the EN’s maximum expected future utility from continuing the relationship at date t < 7
is —R(n*(-);t)) and since his utility from terminating the relationship is P(¢), the EN continues the
relationship until time 7 only if P(t) < R(n*(-);t) at each date ¢t. Replacing ¢ with the stopping time
7 and 7n(-) with n*(-) in (57) and (58), we see that P(1) = R(n*(:); 7). Hence, P(t) = R(n*(-);t)
for any time ¢ such that 7 = ¢ has positive probability. We conclude that P(t) = R(n*(-);t) almost
surely. Since the EN owns the project at date 0, we must have P(0) = V(0).

b) This result follows from the result of part a) that P(t) = R(n*(:);t) and the fact that
R(n*(-);t) = EFNR(p*(-);t +dt). 0

As a consequence of Lemma 1, we can restrict consideration to contracts P where
dP(t) = a(t)V (t)dt + b(t)dV (t) (76)

where b(t) > 0. Further, it follows from (62) that there is a one-one correspondence between the

pay-performance sensitivity b(¢) and the EN’s optimal effort 7(¢) at date ¢.
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Optimal Contract Choice by VC
By (62) and (63), a feasible contract is completely described by the investment process ¢(-), the
processes a(-), b(+) describing the fixed and proportional components of the EN’s compensation and

the termination time 7. Define

Maper(0) = BL (V) = P(r) = [ etV (s)as)] (1)

as the VC’s expected future payoff at date 0 if she chooses a contract (P(-), c(+),7) = (a(-),b(-),¢(-), 7).

The VC’s contract choice problem is then the following stochastic control problem

(a*('>7 b*()7 C*('>7 T*) = argmax(a,b,c,‘r) Ma,b,c,‘r (O> (78)

Let the “state” of the system at any date t be described by the ordered pair (¢, uy¢). We
first restrict consideration to Markov controls where a(t),b(t), c(t) and the decision to terminate
the relationship only depend on the current state (¢, u; ©). We derive the optimal Markov control
policy. We then appeal to the verification theorem of dynamic programming (see Theorem 11.2.3 of
Oksendal, 2003) to conclude that the optimal Markov control policy is, in fact, the optimal control
policy over the entire space of admissible {F;}-adapted controls.

We note from (62) and (63) that the control a(-) is, in fact, determined by the controls b(-), ¢(+)
and the state of the system. Hence, a Markov control policy is completely described by (b(-), ¢(-), 7).
For simplicity, we abuse notation by denoting the VC’s continuation value in state (, u} ) from

adopting the Markov control policy (b(-),¢(-), ) by

Macr(to ) = ELS[(V(D) = Vi)~ (Pr) — Pl) - [ eV ()is] . (79)

where 7(-) is determined by inverting (62). Let M*(t,uu}¢) be the optimal continuation value
within the space of Markov controls and (b*(-), c*(+),7*) be the optimal Markov control policy (we
derive this policy in the following). Suppose that the VC deviates from the optimal policy over the
infinitesimal time interval [¢,¢ + dt] by choosing the controls (B(t),é\(t)), Let M (t, 1) ©) denote the
VC’s continuation value at date ¢ under this deviated policy. It follows from (76) and (79) that

M(t, Y€)= ELS [ — AV ()dt + (1 =b(t))dV (t) — e(t)V (¢)dt + M*(t + dt, uygw} . (80)

By (55), we have

M (t, 1} ) = BLS, [<a(0)V (0)dt+(1=5(0) [t ©+2(0) 7 LDV (E)dt—a)V (D)d+ M ¢+, 1l Gy)].
(51)

where 7j(t) is given by (62) with b(t) replacing b(t). Since the VC’s investment and EN’s effort are

vc

observable, the VC’s assessment ;"

of project quality at date ¢t + dt is independent of the choices
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of controls (b(t),c(t)). Hence, the function M*(t + dt, 1y G,) is also independent of these choices.
By the principle of optimality of dynamic programming (see Fleming and Soner, 1992), the optimal

controls (b*(t),c*(t)) at date ¢ must maximize the “flow” term in (81), that is,
(b (), ¢ () = argmaxg(t)ﬂt){ —a(t)dt + (1 =) [V C + ) nt)? — i1(t)dt — E(t)dt} (82)

We can now use the arguments described in detail in Section 4 to show that the optimal controls
(a*(t),b*(t),c*(t)) are as described in Theorem 1. Further, the optimal termination time is the
solution of the optimal stopping problem described in Section 7. The Markov control policy can
be shown to satisfy the conditions of the dynamic programming verification theorem (see Section
11 of Oksendal, 2003). Hence, it is, in fact, the optimal control policy among the space of all

square-integrable {F;}-adapted controls. This completes the proof of Theorem 1. J

Appendix C: Proofs of Remaining Results

The incremental change in termination value (1) depends on 7 only through the terms 1%, n7.
There is no loss of generality if the unit of effort is redefined as z := 1®, the production function
is taken as ¢®z and the disutility of effort is taken as 27/8. As characterized in Theorem 1, the
equilibrium depends on the parameters § and ~ only through their ratio v/5. To simplify the
notation in the proofs to follow, we shall hereafter normalize G to 1.

For each parameter “II” (e.g. o3, s%, A\, Ag, k) we let by(m) denote the solution to (35) at
time t, define ¢;(m) := ¢(by(m)), and let b(7) and c(7) denote the corresponding time paths when
the parameter IT’s value equals w. We shall write F}(b,7) when we wish to make explicit the
functional dependence of the derivative of F; on the parameter value . For subsequent reference,
the derivative of the VC’s objective function (34) is given by

52

F{(b)=Ar—p+ Kd(b) = 5——= Ao — As + K'(b). (83)
82 +tog

Recall that a strictly concave differentiable function f(-) possesses a very simple but extremely
useful property: the sign of the derivative indicates the direction of the optimum solution, i.e., if
f'(z) > 0, then z* > x; if f'(z) < 0, then * < x; and if f'(x) = 0, then 2* = z. The following
Lemma will be used repeatedly in the proofs to follow.

Lemma 2
If F/(b,7) is an increasing (decreasing) function of w, then b,(w) is an increasing (decreasing)

function of .
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Proof. Let 7! < w2. Suppose first that F}(b, w) is an increasing function of 7. By definition,
0= F{(be(n?), %) = F{(be(n'), ") < F(bi(),7°),

which immediately implies b;(7!) < by(72) by the strict concavity of F;. The proof in the decreasing

case is analogous. |

Proof of Proposition 1. The optimal investment function is clearly positive on (0,1]. The

marginal optimal investment is given by

I\ m=ap—1
O (E> O=7=T b (g — byr2(1 — b) (84)
where 11 := % and ro ;= # and where the symbol o means “equal up to a positive

multiplicative constant”. Under Assumption 2, the parameter 79 is positive and the parameter rq
is negative. (Keep in mind that 3 is now 1.) Since v > 1 (Assumption 1), it follows that ¢/(-) > 0
on [0,1), ¢(1) = 0 and (+) is negative on [1,~/3). This establishes that ¢(-) is increasing on [0, 1]

and achieves it maximum value at b = 1. The second derivative is given by
A'(b) o BTy = b)) ri(y = b)(1 = b) — rab(1 — b) — b(vy — b)].

The function ¢(+) is strictly concave on (0, 1] since ¢’(-) is negative on (0,1]. Part (a) has been
established. Given that A; decreases with ¢, it follows directly from Assumption 2 and part (a)
that the solution to (35) will belong to (0,1). On this interval, the VC’s objective function F(-) is

strictly concave by part (a), and hence possesses a unique maximum. This established part (b). §

Proof of Theorem 2. It follows directly from (83) and Lemma 2 that the EN’s pay performance
sensitivity decreases with time where here the parameter II = ¢. This in turn implies the invest-
ment rates decrease with time by Proposition 1. Since both the pay performance sensitivities and

investment rates decrease with time, the effort levels decrease with time, too—see (20). 1

Proof of Theorem 3. We begin with parts (a)-(c). By Proposition (1) and the form for the
optimal effort level (20), the results for the optimal investment rate and EN’s effort paths will
follow if we show that the path of the EN’s pay performance sensitivity is a pointwise decreasing
function of the respective parameters. This follows directly from (83) and Lemma 2 for either o3

or A\. We turn our attention to s?. Fix s such that Ay < As. We have

OF/(bi(s),s)  2sAotog < 2tods? 1} B [(54 + (tag)z] 0
ds (2 +top)? (82 +to3)? B (82 +to3)?
Consequently, OF}(bi(s),s)/0s < 0, which establishes the result for the intrinsic risk by direct
application of Lemma 2. The proof of parts (a)-(c) is complete. Part (d) follows directly from
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(83) and Lemma 2 and the same arguments given in the proof of parts (a)-(c). As for part (e), an
examination of (84) shows that if ¢/(b) > 0, then ¢/(b) decreases with k. Since ¢/(+) is positive on

[0, 1), the result now follows directly from (83) and Lemma 2 and previous arguments. [

We now make explicit the functional dependence of the VC’s continuation value (33) on her
current assessment of the project’s intrinsic quality and write it as C'V;(p;). We drop the superscript
on py since it shall always refer to the VC’s assessment. Let Z denote the standard normal random

variable. We note the continuation value may be expressed as
CVi(p) = [Fy + pe — L] dt + ex(pae), (85)

where
er(ie) = Ey [max{cw+dt(ut+dt), 0}} - E[max{cmdt(ut + ot zdt), 01, (86)

where the equality follows from (5).

Proof of Proposition 2. Pick an € > 0. Since the function ep_g(-) = 0, the function
CVr_g(+) is an increasing function of pp_g. Moreover, CVr_g(pur—ar +€) — CVp_ag(pr—at) =
edt. Tt then follows from (86) that er_o4(-) is a nondecreasing function of u; o4 and that
er—2dt(Ht—2dt +€) —er—2dt(Hs—24t) < edt, too. Consequently, CVr_ogs(pir—24¢) increases with pur_og
and CVr_og(pr—oqt +€) — CVip_ogi(r—24¢) is bounded above by 2edt. Working backwards through
time, the argument can be repeated to show that at each time ¢ the function CV;(-) increases with
pe and that CVi(ue +€) — CVi(pe) < €(T' —t). The latter property immediately establishes that
CV,(+) is a continuous function of u; as € was chosen arbitrarily.

Since the A decreases with ¢ each Fy(-) is bounded above by B := Fy(bf). Fix time ¢. Since
the expected rate of within period flow at any future point in time is bounded above by u; + B,
it follows that e;(u¢) is bounded above by max{(u: + B)(T — t),0}. It follows then that CV;(u:)
is negative for sufficiently small p;. Since C'Vi(u) is obviously positive for sufficiently high p; and
CV;(+) is continuous, there exists a unique value i for which CV;(pf) = 0. Clearly, the VC should

terminate only if iy < 5. 11

Proof of Proposition 3. The objective function F;(-) (34) is an increasing function of A, which
implies that F} is also a increasing function of Ap. One may proceed exactly as in the proof of
Proposition 2 to establish that each C'V(-) is a pointwise increasing function of Ay. Consequently,
the trigger values will decrease. Since a change in Ay has no effect on the sample paths, part (a)
follows. The proof of (b) is the same, except that each Fy(-) is now a decreasing function of either

A or k, and thus the trigger values will increase. J

45



Proof of Proposition 4. Pick ¢ > 0 and define 6 so that P(© > 6y) = €. Now

P(r >T) = P{p > pi forall t € [0,T]}
< P{ur > pp | © < 60}P(© < bp) + P(© > bp)

< Plur > pp [© =6} +e (87)

By Proposition 2 and the assumed property of the [, the p; eventually always lie above a positive

constant. Given this fact and the fact that the conditional distribution of fg &udu/t given © = 6y

is N (6o, s%/t),

s*po + o3 ( Jo Eudu)
s2 +tod

ud 20, %
< P{f0£ u S(N;Ug o)

Pl > py |© =6} = P{ > pi | © =6}

|© =60y} - 0ast—oo0. (83)

The result now follows from (87) and (88) since € was chosen arbitrarily.
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Table 1: Baseline values for the parameters

Risk parameters

VC parameters

EN parameters

Technology parameters

0'(2) 52 Ry ,u(‘)/c Ag A k ~y « 15} 121
0.2202 0.5332 || 0.15  0.0777 | 0.3351 0.7890 0.0232 9.3145 || 0.2034 0.7966 0.0534

Table 2: Predicted and Observed Statistics

Round-to-Round Round-to-Round Expected No.
Expected Returns (in %) | Standard Deviations (in %) of Rounds
Rdl Rd2 Rd3 Rd4| Rdl Rd2 Rd3 Rd4
Cochrane (2005) 26.0 20.0 15.0 88 90 83 7 84 2.10
Model’s predictions || 25.3 20.2 15.7 10.2 87 85 83 80 2.09

Table 3: Economic Values for Baseline

Distribution of Project Duration
Agency Scenario || Firm Value || VC Value || Investment o D] D5 D3 E[7]
Actual 11.21 10.02 3.07 0.2981 0.3852 0.2487 0.0637 2.089
Symmetric 9.64 8.77 2.58 0.3339 0.3713 0.2333 .0585 2.026
No Agency 23.14 12.14 7.29 0.1626 0.3702 0.3392 0.1190 2.442

Table 4: Contract Parameter Values (first four periods)

Agency Scenario | b b} b5 b3 [ cl c5 c3
Actual 0.195 | 0.143 | 0.124 | 0.114 | 0.137 | 0.133 | 0.131 | 0.130
Symmetric 0.084 | 0.084 | 0.084 | 0.084 | 0.125 | 0.125 | 0.125 | 0.125
No Agency 1.000 | 1.000 | 1.000 | 1.000 | 0.152 | 0.152 | 0.152 | 0.152
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Table 7: Implied Discount Rates (in %)

Firm Value VC Value
0.10 48.5 48.5
0.15 49.5 49.5
0.20 49.5 49.5
a 0.25 49.5 49.5
0.30 50.0 50.0
0.35 50.0 50.0
0.40 50.5 50.5
0.45 51.0 51.0
0.12 51.0 50.5
0.17 50.5 50.5
o2 0.22 49.5 49.5
0.27 48.5 48.5
0.32 51.0 51.0
0.33 47.5 47.5
0.38 48.5 48.5
0.43 49.0 49.0
0.48 49.5 49.5
52 0.53 49.5 49.5
0.58 50.0 50.0
0.63 50.0 50.0
0.68 50.5 50.5
0.73 50.5 50.5
0.19 34.0 34.0
0.24 39.5 39.5
0.29 44.5 44.5
Ag  0.34 49.5 49.5
0.39 54.5 54.5
0.44 59.5 59.5
0.49 64.5 64.5

Table 8: Implied Discount Rates (in %)

Firm Value VC Value
oz o2

0.12 0.17 0.22 0.27 0.32 0.12 0.17 0.22 0.27 0.32
0.33 49.0 48.5 47.5 47.5 47.5 48.5 48.0 47.5 47.5 47.5
0.38 49.5 49.0 48.5 47.5 48.5 49.0 48.5 48.5 47.5 48.5
0.43 50.0 49.5 49.0 47.5 48.5 49.5 49.0 49.0 47.5 48.5
0.48 50.5 50.5 49.5 47.5 51.0 50.0 50.0 49.5 47.5 51.0
0.53 51.0 51.0 50.0 48.5 51.0 50.5 50.5 50.0 48.5 51.0
0.58 51.5 51.5 50.0 49.0 50.0 51.0 51.0 50.0 49.0 50.0
0.63 51.5 52.0 50.5 49.0 49.0 51.0 51.5 50.5 49.0 49.0
0.68 52.0 52.5 51.0 49.5 50.0 51.5 52.5 51.0 49.5 50.0
0.73 52.0 52.0 51.0 50.0 49.5 51.5 52.0 50.5 50.0 50.0
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