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Original Article

On the ordering of ruin probabilities for the surplus process
perturbed by diffusion

CARY CHI-LIANG TSAI

Department of Statistics and Actuarial Science, Simon Fraser University, Burnaby,

BC V5A 1S6, Canada

(Accepted 11 February 2008)

In this paper, we study orders of pairs of ruin probabilities resulting from two individual claim size

random variables for corresponding continuous time surplus processes perturbed by diffusion with

different premium rates, relative security loadings, and variance parameters of the diffusion processes.

We show that high frequency and low severity risks yield smaller ruin probabilities than low frequency

and high severity risks. These ordering relationships can also be used to obtain upper and/or lower

bounds on ruin probabilities. Finally, some examples are given to illustrate the results of the theorems.

Keywords: Surplus process; Diffusion process; Ruin probability; Maximal aggregate loss; Compound

geometric distribution; Ordering; Bound

1. Introduction

Consider the classical continuous time surplus process at time t,

U(t)�u�ct�S(t); t]0; (1:1)

where u�U(0) is the initial surplus, c is the constant rate per unit time at which the

premiums are received, and S(t)�X1�X2�� � ��XN(t) is the aggregate claims up to time

t. The number of claims, N(t), is assumed to follow a Poisson process with parameter l.

The individual claim sizes X1, X2, . . . , independent of N(t), are positive, independent and

identically distributed (as X) random variables with common distribution function F(x)�
Pr(X5x) and moments mn�E[X n]�f

�

0
xndF (x) for n�0,1,2, . . . . We call fS(t):t]0g

(S(t)�0 if N(t)�0) a compound Poisson process with parameter l, and we assume c�
lm1(1�u); where u�0 is the relative security loading.

Let T�inf{t:U(t)B0} be the time of ruin (the first time that the surplus becomes

negative), and c(u)�Pr(TB�½U(0)�u) be the probability of ruin for the surplus

process (1.1). The deficit at the time of ruin, ½U(T)½, and the surplus immediately before

the time of ruin, U(T�) (U(T�) is the left limit of U(t) at t�T), are two important non-

negative random variables in connection with the time of ruin T.
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An independent diffusion (or Wiener) process was added to Eq. (1.1) by Gerber (1970)

by extending the classical surplus process so that

U(t)�u�ct�S(t)�sW (t); t]0; (1:2)

where s�0 (s2 is called the variance parameter) and fW (t):t]0g is a standard Wiener

process that is independent of the compound Poisson process fS(t):t]0g and of the

individual claim sizes X1, X2, . . . . In this case, the definition of the time of ruin is

modified as T� infft:U(t)50g (T�� if the set is empty) due to the oscillation character

of the added Wiener process. Dufresne & Gerber (1991) studied three kinds of

probabilities based on model (1.2): cd(u), the probability of ruin caused by oscillation;

cs(u), the probability of ruin caused by a claim; and ct(u), the probability of ruin.

That is, cd (u)�Pr(TB�;U(T)�0½U(0)�u); cs(u)�Pr(TB�;U(T)B0½U(0)�u);

and ct(u)�cd (u)�cs(u)�Pr(TB�½U(0)�u); u]0.

Next, let G(y)�H+G(y)�f
y

0
H(y�t)dG(t) where G(y)�f

y

0
F (t)dt=E[X ]; H(y)�1�

e�(c=D)y; F (y)�1�F (y) and D�s2=2: Tsai (2003) showed that K(u) satisfies the defective

renewal equation

K(u)�
1

1 � ug
u

0

K(u�x)dG(x)�
1

1 � u
G(u); u]0; (1:3)

and

K(u)�
1

1 � u
cd (u)�cs(u)

X�
n�1

u

1 � u

�
1

1 � u

�n

G+n(u); u]0; (1:4)

is a compound geometric tail distribution with parameter 1/u (Klugman et al. (2004),

p. 240) and K(0)�1=(1�u): Moreover, he proved that

ct(u)�K+H(u)�
X�
n�0

u

1 � u

�
1

1 � u

�n

G+n+H(u); u]0; (1:5)

is also the tail of a compound geometric convolution. Equation (1.5) can also be obtained

from a probabilistic viewpoint. Consider the aggregate loss at time t, L(t)�u�U(t)�
S(t)�ct�sW (t); and the maximal aggregate loss, L�maxfL(t):t]0g: Let Tn be the

time when the n-th record high of the aggregate loss process fL(t):t]0g (or the n-th

record low of the process fU(t):t]0g) is caused by a claim (we set T0�0). Define

Lo;n�maxfL(t):tBTn�1g�L(Tn)�U(Tn)�minfU(t):tBTn�1g; n�0; 1; . . . ;N;

and

Lc;n�L(Tn)�L(Tn�1)�Lo;n�1�U(Tn�1)�U(Tn)�Lo;n�1; n�1; 2; . . . ;N;

as the amount that result in the (n�1)-th and n-th record highs of the aggregate loss

process {L(t)} due to oscillation and a claim, respectively, where N is the number of record

highs of the process {L(t)} caused by a claim. Note that Lc,n�0 and Lo,n]0 (Lo,n could

be zero for some n because of two consecutive Lc,n and Lc,n�1). Then, the random

variable L can be decomposed (Dufresne & Gerber (1991)) as

2 C. C-L. Tsai
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L�Lo;0�Lc;1�Lo;1�� � ��Lc;N �Lo;N �
XN

n�1

(Lo;n�1�Lc;n)�Lo;N (1:6)

(we set TN�1��) with L�Lo;0 if N�0 (see Figure 1). Then g(y)dy (or equivalently,

[1=(1�u)]dG(y); where G(y)�f
y

0
g(x)dx=f

�

0
g(x)dx�(1�u)f

y

0
g(x)dx) is the probability (or

the probability (l=c)F (y)dy for the case D�0) that the first record low of {U(t)} caused

by a claim is between u�y and u�y�dy (see also Gerber & Landry (1998)) where g(y)�
(l=D)f

y

0
e�(c=D)(y�s)F (s)ds: Because a compound Poisson process has stationary and

independent increments, f
�

0
g(y)dy�1=(1�u) is the probability that there is a record

low of {U(t)} (or a record high of {L(t)}) caused by a claim, and u/(1�u) is the

probability that there is no record high of {L(t)} caused by a claim. Then N has a

geometric distribution function with parameter 1/u, that is, Pr(N�n)� [u=(1�u)]�
[1=(1�u)]n; n�0; 1; 2; . . . : In addition, the random variables Lo,0, Lo,1, Lo,2, . . . are

identically distributed (as Lo) with common distribution function Fo, and Lc,1, Lc,2,

Lc,3, . . . are identically distributed (as Lc) with common distribution function Fc; also, N,

Lo,0, Lc,1, Lo,1, Lc,2, Lo,2, . . . are independent; then

Pr(L�u)�
X�
n�0

Pr(L�u½N�n)Pr(N�n)
X�
n�0

�
u

1 � u

��
1

1 � u

�n

F
+(n�1)
o +F

+(n)
c (u):

Thus, ct(u) can be treated as ct(u)�Pr(L�u) (the tail probability of L) with ct(�)�0;

Fc�G, Fo�H and Fc+Fo�G+H�G (Dufresne & Gerber (1991)), which gives a

probabilistic interpretation for the expression for ct(u) in Eq. (1.5). Similarly, the

expression for K(u) in Eq. (1.4) can be considered as K(u)�Pr(L��u) (the tail

probability of L*) where

0

L

T1 T2 T3 T4 T5
t

Lo ,0

Lc ,1

Lo ,1

Lc ,2

Lc ,3

Lo ,3

Lc ,4

Lo ,4

Lc ,5

Figure 1. Interpretation of Los and Lcs.

3Ruin probabilities for the surplus process perturbed by diffusion
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L��Lo;0�Lc;1�� � ��Lo;N�1�Lc;N �
XN

n�1

(Lo;n�1�Lc;n) (1:7)

with L*�0 if N�0. Moreover, when the diffusion component is removed from Eq. (1.2),

that is, s�0, then all these Los disappear which implies both L and L* reduce to L
+ �

aN
n�1Lc;n; and the probability of ruin for Eq. (1.1) becomes (Klugman et al. (2004))

c(u)�Pr(L
+
�u)�

X�
n�1

u

1 � u
[

1

1 � u
]nG+n(u); u]0; (1:8)

a compound geometric tail distribution with parameter 1/u and c(0)�1=(1�u):

Orders have been studied in the actuarial literature, and broadly used in casualty and

health insurance to compare underlying risks (see Goovaerts et al. (1984, 1990), Kaas

et al. (1994), Kaas & Hesselager (1995), Cheng & Pai (2003), and Tsai (2006)). This paper

studies orders between pairs of ruin probabilities based on two surplus processes

perturbed by diffusion. The remainder of the paper is organized as follows. Section 2 gives

conditions and theorems for obtaining ordering relationships for K ; ct and cd resulting

from claim size random variables X and Y for corresponding continuous time surplus

processes perturbed by diffusion, respectively. In Section 3, we apply the theorems

proposed in Section 2 to random variables distributed as a single Exponential, a mixture

of Exponentials, Gamma, Pareto and Lognormal, respectively. The ordering relationships

can be used to obtain upper and/or lower bounds on K and ct. Corresponding examples

are also given to illustrate the results of the theorems. In the appendix, we propose

definitions, lemmas and examples for a variety of orders between two random variables

used in this paper.

2. Ordering of ruin probabilities

In this section, we give conditions and theorems for the orders of pair KX and KY ; pair

ct,X and ct,Y, and pair cd,X and cd,Y, all resulting from the individual claim size random

variables X and Y for two continuous time surplus processes perturbed by diffusion with

different premium rates, relative security loadings, and variance parameters of the

diffusion processes. We show that these conditions are more flexible than existing ones,

and thus provide more applications. Some important remarks are also proposed.

Let Z�X,Y; consider the following surplus processes:

UZ(t)�u�cZ t�SZ(t)�sZW (t); t]0; (2:1)

where SZ(t)�a
NZ (t)

i�1 Zi: We suppose that the number of claims, Nz(t), has the parameters

lZ, the claim size random variables Z1;Z2; . . . are i.i.d. and distributed as Z with d.f. FZ,

DZ�s2
Z=2; and the premium rate cZ�lZE(Z)(1�uZ): The i.i.d. random variables which

correspond to fLo;k:k�0; 1; . . .g and fLc;k:k�1; 2; . . .g are fLZ
o;k:k�0; 1; . . .g (distributed

as LZ
o with d.f. HZ) and fLZ

c;k:k�1; 2; . . .g (distributed as LZ
c with d.f. GZ) for the surplus

process UZ. Moreover, let KZ(u)�Pr[LZ
��u] be the corresponding tail probability of LZ

�

4 C. C-L. Tsai
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(see Eq. (1.7) for the definition of L*), ct;Z(u)�Pr[LZ�u] be the corresponding tail

probability of LZ (see Eq. (1.6) for the definition of L), and NZ be the corresponding

number of record highs N of {L(t)} for the surplus processes UZ. Finally, let cZ(u)�
Pr[L

+
Z�u] be the corresponding tail probability of L

+
Z (see Eq. (1.8) for the definition of

L
+

) for the case that the diffusion component is removed.

First, let us start from a special case that cX�cY, DX�DY and lX�lY. Suppose

E(X )�E(Y ) which implies uX �uY ; if X 5sl Y then cX (u)5cY (u) for the surplus

process (1.1) (see Goovaerts et al. (1984, 1990)). Cheng & Pai (1999) extended the result

thus � if /X 5sl(n) Y then cX (u)5sl(n�1) cY (u): Tsai (2006) further generalized the ordering

of ruin probabilities with the following theorem based on model (1.2):

THEOREM 1. Let cX�cY, DX�DY and lX�lY. Suppose E(X )�E(Y ); then X 5sl(n) Y [

KX 5sl(n�1) KY ; ct;X 5sl(n�1) ct;Y and cd;X 5sl(n) cd;Y :

Let the mean time to ruin due to oscillation be denoted by cd;1(u)�E[TI(TB

�;U(T)�0½U(0)�u]: Then we have the following result for the n-th stop-loss order

between cd;1;X (u) and cd;1;Y (u):

THEOREM 2. Let cX�cY, DX�DY and lX�lY. Suppose E(X )�E(Y ); then

X 5sl(n) Y [cd;1;X 5sl(n) cd;1;Y :

Proof. From Theorem 1, we have ct;X 5sl(n�1) ct;Y and cd;X 5sl(n) cd;Y : Since the low

degree stop-loss order implies high degree stop-loss order (Goovaerts et al. (1990)), we

have ct;X 5sl(n) ct;Y : Corollary 7 of Tsai & Willmot (2002) showed that cd;1 is directly

proportional to convolution to ct and cd, that is,

cd;1(u)�
1 � u

lm1u
2 g

u

0

ct(u�x)
u

1 � u
cd(x)dx�

1 � u

cu g
u

0

ct(u�t)cd (t)dt: (2:2)

Because the n-th stop-loss order is preserved under addition (Tsai (2006)), we have

cd;1;X 5sl(n) cd;1;Y : I

COROLLARY 1. Let cX�cY, DX�DY and lX�lY. Suppose E(X )�E(Y ); then X 5sl Y [

KX 5st KY ; ct;X 5st ct;Y ; cd;X 5sl cd;Y and cd;1;X 5sl cd;1;Y :

As mentioned in Tsai (2006), KX 5st KY and ct;X 5st ct;Y are equivalent to KX (u)5

KY (u) and ct;X (u)5ct;Y (u); respectively, for all u]0.

The constraints lX�lY and E(X )�E(Y ) limit applications in comparing ruin

probabilities based on different expected frequencies of claims and expected severities

of claims. Let cX�cY, DX�DY, lX]lY and E(X )5E(Y ) with lX E(X )�lY E(Y ) (that is,

E[SX (1)]�E[SY (1)]); we wonder which of high frequency and low severity risk X or low

frequency and high severity risk Y (both have equal expected aggregate claims per unit

time) produces smaller ruin probability. The answer for ruin probability resulting from

exponential individual claim sizes based on model (1.1) is obvious. Recall that if the claim

5Ruin probabilities for the surplus process perturbed by diffusion
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amount random variables have common d.f. F (t)�1�e�bt then c(u)� [1=(1�
u)]e�ubu=(1�u)� [1=(1�u)]e�uu(l=c); when c and u are fixed, high frequency and low

severity risk yields smaller ruin probability than low frequency and high severity risk,

which is consistent with our intuition. For other individual claim size distributions,

however, we generally cannot find analytical expressions for ct(u); therefore, it is difficult

to give theoretical support for our intuition. To study this problem more generally, we

propose the following conditions:

. Condition 1: X 5mrl Y ; or eX (t)5eY (t) for all t]0.

. Condition 2: cX=DX ]cY=DY :

. Condition 3: uX ]uY ; or uX=(1�uX )]uY=(1�uY ):

. Condition 4: [cX=DX ][uX=(1�uX )]] [cY=DY ][uY=(1�uY )]:

LEMMA 1. If Condition 1 holds then LX
c 5st LY

c ; or equivalently, GX (u)5GY (u) for all u]0.

Proof. Since

1

eZ(t)
�

F Z(t)

g
�

t

F Z(u)du

��
(g

�

t

F Z(u)du)?

g
�

t

F Z(u)du

��
d

dt
log(g

�

t

F Z(u)du)[g
�

t

F Z(u)du�ke�g
t

0 [1=eZ (s)]ds

where k�f
�

0
FZ(u)du�E(Z) and Z�X,Y, we have

GX (u)

GY (u)
�
g

�

u

FX (s)ds=E(X )

g
�

u

FY (s)ds=E(Y )

�e�g
u

0 [1=eX (s)�1=eY (s)]ds51

for all u]0. Because LZ
c has the distribution function GZ (Z�X, Y), we conclude that

LX
c 5st LY

c by Lemma 9. I

LEMMA 2. If Condition 2 holds then LX
o 5st LY

o ; or equivalently, HX (u)5HY (u) for all

u]0.

Proof. cX=DX ]cY=DY [HX (u)�e�(cX =DX )u5e�(cY =DY )u�HY (u)[LX
o 5st LY

o since LZ
o

has the distribution function HZ (Z�X,Y). I

LEMMA 3. If Conditions 1 and 2 hold then LX
c �LX

o 5st LY
c �LY

o ; or equivalently, GX (u)5

GY (u) for all u]0.

Proof. Since stochastic order is preserved under addition, and LZ
c �LZ

o has the

distribution function GZ (Z�X,Y), the conclusion is easily reached. I

LEMMA 4. If Condition 3 holds then NX 5lr NY ; which implies NX 5st NY :

6 C. C-L. Tsai
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Proof. Since NZ has the geometric distribution function with parameter 1/uZ

(Z�X,Y) and 1=uX 51=uY ; by Example 6 in the Appendix we have NX 5lr NY ; hence

NX 5st NY : I

THEOREM 3. If Conditions 1 and 3 hold then L
+
X 5st L

+
Y ; or equivalently, cX (u)5cY (u) for

all u]0.

Proof. Since LX
c 5st LY

c and NX 5st NY ; we have L
+
X �a

NX

n�1LX
c;n5st a

NY

n�1LY
c;n�L

+
Y (Shaked

& Shanthikumar (2007)). By Lemma 9 in the Appendix, cX (u)�Pr(L
+
X �u)5Pr(L

+
Y �

u)�cY (u) is reached. I

LEMMA 5. If Condition 4 holds then ct;X 5sl(n) ct;Y [cd;X 5sl(n�1) cd;Y : Further, if DX]DY

holds then cd;1;X 5sl(n�1) cd;1;Y :

Proof. Since 1�ct(u)�K+H(u)�(c=D)f
u

0
e�(c=D)(u�x)K(x)dx; differentiation with respect

to u gives�dct(u)=du�cu=[D(1�u)]cd (u) (Tsai (2003)). Then

P(n)
ct

(u)��g
�

u

(s�u)ndct(s)�
cu

D(1 � u)g
�

u

(s�u)ncd (s)ds

�
cu

(n � 1)D(1 � u)g
�

u

cd (s)d(s�u)n�1:

Integration by parts leads to

P(n)
ct

(u)��
cu

(n � 1)D(1 � u)g
�

u

(s�u)n�1dcd (s)�
cu

(n � 1)D(1 � u)
P(n�1)

cd
(u);

or equivalently, P(n�1)
cd

(u)�(n�1)P(n)
ct

(u)=f(c=D)[u=(1�u)]g; u]0: Setting u�0 gives

g
�

0

sn�1dcd (s)��P(n�1)
cd

(0)��(n�1)P(n)
ct

(0)=
cu

D(1 � u)
�(n�1)g

�

0

sndct(s)=
cu

D(1 � u)
;

n�0,1, . . . . Therefore, we conclude that [cX=DX ][uX=(1�uX )]] [cY=DY ][uY=(1�uY )]

and ct;X 5sl(n) ct;Y imply cd;X 5sl(n�1) cd;Y : Assumption DX]DY and condition 4 implies

(1�uX )=(cXuX )5(1�uY )=(cYuY ): By Eq. (2.2) and the argument in the proof to

Theorem 2, we have cd;1;X 5sl(n�1) cd;1;Y : I

THEOREM 4. If Conditions 1, 2 and 3 hold then LX
�5st LY

�; LX 5st LY (or KX (u)5KY (u);

ct;X (u)5ct;Y (u) for all u]0) and cd;X 5sl cd;Y : Further, if DX]DY holds then

cd;1;X 5sl cd;1;Y :

Proof. Since LX
c 5st LY

c ; LX
o 5st LY

o and NX 5st NY ; we have LX
��a

NX

n�1(LX
o;n�1�LX

c;n)5st

/a
NY

n�1(LY
o;n�1�LY

c;n)�LY
� (Shaked & Shanthikumar (2007)) and LX �LX

��LX
o 5st LY

��
LY

o �LY : By Lemma 9, KX (u)�Pr(LX
��u)5Pr(LY

��u)�KY (u) and ct;X (u)�Pr(LX �

u)5Pr(LY �u)�ct;Y (u): As Conditions 2 and 3 imply Condition 4, and ct;X (u)5ct;Y (u)
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for all u]0 is equivalent to ct;X 5st ct;Y or ct;X 5sl(0) ct;Y ; we conclude that cd;X 5sl cd;Y

by Lemma 5, and cd;1;X 5sl cd;1;Y with additional condition DX]DY . I

COROLLARY 2. If Conditions 1, 2 and 3 satisfied are changed to X �mrl Y ; cX=DX �cY=DY

and uX �uY ; respectively, then KX (u)�KY (u); ct;X (u)�ct;Y (u); cd;X (u)�cd;Y (u) and

cs;X (u)�cs;Y (u) for all u]0.

Proof. Since X 5mrl Y 5mrl X ; cX=DX 5cY=DY 5cX=DX and uX 5uY 5uX ; we have

KX (u)5KY (u)5KX (u) and ct;X (u)5ct;Y (u)5ct;X (u); implying KX (u)�KY (u) and

ct;X (u)�ct;Y (u); also, cd;X (u)� [(1�uX )=uX ][ct;X (u)�KX (u)]� [(1�uY )=uY ][ct;Y (u)�
KY (u)]�cd;Y (u); and cs;X (u)�ct;X (u)�cd;X (u)�ct;Y (u)�cd;Y (u)�cs;Y (u): I

REMARKS:

1. From Theorem 4, for the same individual claim size distribution function, bigger c

(or larger l), smaller D (Condition 2), or larger u (Condition 3) will produce smaller

K(u) and ct(u), which is consistent with our intuition.

2. Condition X �mrl Y in Corollary 2 implies E(X )�E(Y ); combining this with

cX=DX �cY=DY and uX �uY gives lX=DX �lY=DY : Therefore, for the same

individual claim size random variable X, increasing or decreasing both lX and DX

by an equal percentage keeps KX (u) and all ruin probabilities ct;X (u); cd;X (u) and

cs;X (u) unchanged.

3. Theorem 4 and Corollary 1 can be used to obtain lower/upper bounds for K(u) and

ct(u). If Y is the underlying risk (cY , DY , lY , uY are given), and we want to find risks

X and Z satisfying all conditions of Theorem 4 or Corollary 1; then KX (u)5

KY (u)5KZ(u) and ct;X (u)5ct;Y (u)5ct;Z(u): When X 5sl Y 5sl Z and E(X )�
E(Y )�E(Y ) are satisfied for Corollary 1, we set cV�cY, DV�DY, and lV�lY,

(implying uV�uY) where V�X,Z; when X 5mrl Y 5mrl Z are satisfied (implying

E(X )5E(Y )5E(Z)) for Theorem 4, setting cV=DV �cY=DY and uV �uY (imply-

ing lV E(V )=DV �lY E(Y )=DY ) where V�X,Z can get tighter (larger) lower and

tighter (smaller) upper bounds by Remark 1.

4. Theorem 4 and Corollary 1 have the same conclusions subject to different conditions.

Conditions 2 and 3 for Theorem 4 are less restricted than conditions cX�cY, lX�lY,

E(X)�E(Y) (implying uX�uY) and DX�DY for Corollary 1; however, the relaxation

must be compensated with a more restricted condition X 5mrl Y (for Theorem 4)

changed from X 5sl Y (for Corollary 1) since X 5mrl Y [X 5sl Y : The following

diagram gives the relationships for these conditions.

condition for corollary 1 conditions for Theorem 4
cX ¼ cy;DX ¼ DY ;E½X � ¼ E½Y �
�X ¼ �y

�
) cX=DX 	 cY=DY

�X 	 �Y

�

X 
sl Y ( X 
mrl Y

5. Let uX�uY, cX�cY (implying lX E(X )�lY E(Y )) and DX�DY such that Condi-

tions 2 and 3 are satisfied. If Condition 1 also holds, which implies E(X )�eX (0)5

8 C. C-L. Tsai
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eY (0)�E(Y ); then high frequency and low severity risk X yields smaller K(u) and

ct(u) than low frequency and high severity risk Y by Theorem 4. This gives

theoretical proof to the question raised early in this section.

6. In general, it is difficult to get an expression for the survival function or its

integration f
�

t
F (u)du (e.g., Gamma, Lognormal and Weibull distributions), and

hence the expression for the mean residual life function e(t) is not available. In this

case, we cannot compare eX(t) and eY(t) directly for satisfying Condition 1. However,

since X 5lr Y [X 5hr Y [X 5mrl Y ; instead, we can compare risks X and Y with

respect to likelihood ratio or hazard rate order. See Examples 5�8 in the appendix, in

which cases X 5lr Y and hence Condition 1 is satisfied.

3. Ruin probability bounds from Erlang and Exponential claim amounts

In this section, we will give theorems for the orders of pair KX and KY ; pair ct;X and ct;Y ;

pair cd;X and cd;Y ; and pair cd;1;X and cd;1;Y resulting from two claim size random

variables X and Y distributed as a single Exponential, a mixture of Exponentials, Gamma,

Pareto or Lognormal. The ordering relationships can be used to obtain upper and/or

lower bounds on K and ct. Four examples are also given to illustrate the results of these

theorems.

First, the following proposition shows that an exponentially distributed random

variable is less, in the meaning of the first stop-loss order, than a random variable whose

distribution function is a mixture of n exponentials with the same mean.

PROPOSITION 1. Let FX (t)�e�bt and FY (t)�an
i�1qie

�bi t where 05qi51; i�1, . . . ,n,

and an
i�1qi�1: Suppose E(X )�E(Y ); then X 5sl Y :

Proof. We need to show e�bt=b�PX (t)5PY (t)�an
i�1(qi=bi)e

�bi t for all t]0 under

the condition 1=b�E(X )�E(Y )�an
i�1(qi=bi): Using the fact that ex�1]x for all

real numbers x, we have PY (t)�PX (t)�e�btan
i�1(qi=bi)(e

(b�bi)t�1)]e�btan
i�1(qi=bi)

(b�bi)�0: I

Note that the proposition above extends Proposition 6 of Tsai (2006) in which case n�2.

Since low degree stop-loss order implies high degree stop-loss order (Goovaerts et al.

(1990)), that is, X 5sl(n) Y [X 5sl(m) Y for n5m, we have in this case X 5sl(n) Y ; which

implies n!=bn�E(X n)5E(Y n)�n!an
i�1qi=b

n
i ; for all n]1.

With Proposition 1 and Theorem 1, we can extend Theorem 4 of Tsai (2006) to the

following.

THEOREM 5. Let FV (t)�e�bt and FY (t)�an
i�1 qie

�bi t where an
i�1 qi�1 and 05qi51;

i�1, . . . ,n. Suppose cV�cY, DV�DY, lV �lY and E(V )�E(Y ); then KV (u)5KY (u) and

ct;V (u)5ct;Y (u) for all u]0; cd;V 5sl cd;Y and cd;1;V 5sl cd;1;Y :

Since likelihood ratio order implies mean residual lifetime order (see Diagram 1 in the

Appendix), combining Example 8 (in the Appendix) and Theorem 4 gives the following

theorem.

9Ruin probabilities for the surplus process perturbed by diffusion

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
C
a
n
a
d
i
a
n
 
R
e
s
e
a
r
c
h
 
K
n
o
w
l
e
d
g
e
 
N
e
t
w
o
r
k
]
 
A
t
:
 
1
8
:
4
7
 
1
3
 
A
u
g
u
s
t
 
2
0
0
9



THEOREM 6. Let FY (t)�an
i�1qie

�bi t where an
i�1qi�1 and 05qi51; i�1; . . . ; n; FX (t)�

e�max(b1;...;bn)t; and FZ(t)�e�min(b1;...;bn)t: Suppose cX=DX ]cY=DY ]cZ=DZ and uX ]uY ]

uZ; then KX (u)5KY (u)5KZ(u); ct;X (u)5ct;Y (u)5ct;Z(u) for all u]0, and cd;X 5

slcd;Y 5sl cd;Z: If further DX ]DY ]DZ holds then cd;1;X 5sl cd;1;Y 5sl cd;1;Z:

As mentioned in Remark 3, a tighter (larger) lower bound and a tighter (smaller)

upper bound can be obtained by setting cX=DX �cZ=DZ�cY=DY and uX�uZ�uY

(implying lX E(X )=DX �lZE(Z)=DZ�lY E(Y )=DY ): We wonder which of V of Theorem

5 or X of Theorem 6 produces tighter lower bounds for KY (u) and ct;Y (u): First,

cX=DX �cY=DY �cV=DV and uX �uY �uV : From 1=b�E(V )�E(Y )�an
i�1qi=bi;

we have eX (t)�1=max(b1; . . . ;bn)�min(1=b1; . . . ; 1=bn)�an
i�1qimin(1=b1; . . . ; 1=bn)5

an
i�1qi=bi�1=b�eV (t) for all t]0. Therefore, we conclude that random variable V gives

tighter bounds for both KY (u) and ct;Y (u) than random variable X, that is, KX (u)5

KV (u)5KY (u) and ct;X (u)5ct;V (u)5ct;Y (u) for all u]0.

From the insurer’s, the insurance regulators’ and policyholders’ viewpoints, upper

bounds on ruin probabilities are more important than lower bounds. Recall that ruin

probability ct(u) is roughly bounded above by e�Ru where �R is the negative root of

Ds2�cs�lðf�
0

e�sudF (u)�1Þ�0 and R is called the adjustment coefficient. Though

asymptotical formulas can be approximated to ruin probabilities, all these approxima-

tions are good for large u only. Theorem 5 cannot offer upper bounds on both K(u) and

ct(u) for the individual claim size random variables whose distribution function is a

mixture of n exponentials; however, by Theorem 6 both lower and upper bounds on

K(u) and ct(u) can be obtained. Tsai (2003) showed that explicit analytical solutions to

K; ct, cs and cd can be obtained if the claim size distribution is a combination of

exponentials or a mixture of Erlangs (Gammas with the first parameter set to be a

positive integer). Though obtaining explicit analytical solutions to K; ct, cs and cd for

a mixture of n exponentials is feasible, it involves solving a polynomial of degree n�1

(Tsai (2003)); therefore, it takes time for large n to implement numerical methods to

obtain these roots. Whereas, the upper and lower bounds in Theorem 6 obtained from

single exponential claim size distributions Z and V (or X), respectively, have formula-

based expressions (Tsai (2006)), and hence they can be quickly and easily evaluated.

Moreover, since Gamma (n; b)5mrl Gamma (/a;b)5mrl Gamma (n�1,b) by Example 5

in the Appendix where n is a positive integer with nBaBn�1; from Theorem 4 we can

obtain both lower and upper bounds on K(u) and ct(u) for Gamma (a,b) if Conditions

2 and 3 are also satisfied, and these bounds have explicit analytical expressions. In this

case, however, we cannot apply Corollary 1 to distributions Gamma (n,nb/a), Gamma

(a,b) and Gamma (n�1,(n�1)b/a) with equal mean a/b because there are no stop-loss

ordering relationships between any two of them. These show that Theorem 4 has more

applications than Corollary 1.

EXAMPLE 1. Upper and lower bounds on ruin probability for a mixture of two

Exponentials

10 C. C-L. Tsai
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Let F (u)�an
i�1qie

�biu where an
i�1qi�1 and 05qi51; i�1; . . . ; n: Tsai (2003) showed

that the expressions for all of K(u); ct(u); cd (u) and cs(u) have the form an�1
i�1 Cie

�siu for

some constants C1; . . . Cn�1; see Tsai (2003) for detailed formulas. The corresponding

m-th stop-loss transform is P(m)(u)�m!an�1
i�1 (Ci=sm

i )e�siu; u]0: To illustrate the results

of Theorems 5 and 6 for n�2 with an example, we consider four random variables V, X, Z

(single exponential) and Y (a mixture of two exponentials) with equal u, c and D. The

corresponding assumptions are listed in Table 1. Obviously, V 5sl Y and X 5mrl Y 5mrl Z:

From Figures 2 and 3, we observe as expected that

Table 1. Assumptions and roots s1, s2, and s3.

q1 q2 b1 b2 m l u c D c/D s1 s2 s3

V 1 0 1 � 1 1 0.2 1.2 0.5 2.4 0.12202662 3.27797338 �
X 1 0 2 � 0.5 2 0.2 1.2 0.5 2.4 0.19002488 4.20997512 �
Y 0.4 0.6 2 3/4 1 1 0.2 1.2 0.5 2.4 0.10800197 1.62658203 3.41541600

Z 0 1 � 3/4 4/3 3/4 0.2 1.2 0.5 2.4 0.09830606 3.05169394 �
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Figure 2. Ruin probabilities,
Q(0)

(u):
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. /P(m)

KX

(u)5P(m)

KV

(u)5P(m)

KY

(u)5P(m)

KZ

(u) for m�0 and all u]0, implying it holds for

m]1;

. /P(m)
ct;X

(u)5P(m)
ct;V

(u)5P(m)
ct;Y

(u)5P(m)
ct;Z

(u) for m�0 and all u]0, implying it holds for

m]1; and

. /P(m)
cd;X

(u)5P(m)
cd;V

(u)5P(m)
cd;Y

(u)5P(m)
cd;Z

(u) does not hold for m�0 and all u]0, but it

holds for m]1 and all u]0.

Note that random variable V does give tighter bounds for KY (u) and ct;Y (u) than random

variable X. Although P(0)
cs;X

(u)5P(0)
cs;V

(u)5P(0)
cs;Y

(u)5P(0)
cs;Z

(u) for all u]0 in this case, it is

not true for some other cases even if Conditions 1, 2, and 3 are satisfied. For example,

consider two single exponentials X and Y with assumptions given in Table 2. From

Figure 4, we observe that P(m)
zX

(u)5P(m)
zY

(u) for all u]0, m�0,1, and z�K;ct;cd (also

for m�1 and z�cs); but P(0)
cs;X

(u)]P(0)
cs;Y

(u) for some u]0. I
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Figure 3. The first degree stop-loss transforms
Q(1)

(u):
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EXAMPLE 2. Upper and lower bounds on ruin probability for Gamma distribution

Recall that both lower and upper bounds on K(u) and ct(u) with explicit analytical

expressions can be obtained for Gamma (a,b) claim size distribution with nBaBn�1

where n is a positive integer if Conditions 2 and 3 are also satisfied since Gamma /(n;b)

/5mrl Gamma (/a;b) 5mrl Gamma (n�1,b). By Tsai (2003), the expressions for all of KZ(u);

ct;Z(u); cd;Z(u) and cs;Z(u) also have the form an�1
i�1 Cie

�siu for some constants

C1; . . . ;Cn�1; see Tsai (2003) for detailed expressions for si and Ci, i�1; 2; . . . ; n�1:

To illustrate the upper and lower bounds on ruin probabilities for Gamma (/a;b)

distributed claims, for simplicity, let X �Gamma (1,/b)�Exp(/b); Y �Gamma (/a;b) and

Z�Gamma (2,/b) (/fZ(t)�b2te�bt) with equal u; c and D: The corresponding assumptions

are put in Table 3. Figure 5(a), (b) and (d) give upper and lower bounds on KY (u); ct;Y (u)

and P(1)
cd;Y

(u); respectively. Obviously and expectedly, Figure 5(c) does not offer upper and

lower bounds on P(0)
cd;Y

(u)�cd;Y (u) since there are crossing points between cd;X (u) and

cd;Z(u): I

Table 2. Assumptions and roots s1 and s2.

b m l u c D c/D s1 s2

X 4 1/4 2 0.2 0.6 0.5 1.2 0.15868888 5.04131112

Y 2 1/2 1 0.2 0.6 2 0.3 0.04433278 2.25566722
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Figure 4. Difference between two stop-loss transforms
Q(m)

X (u)�
Q(m)

Y (u):

Table 3. Assumptions and roots s1, s2 and s3.

a b m l u c D c/D s1 s2 s3

X 1 3/4 4/3 3/4 0.2 1.2 0.5 2.4 0.09830606 3.05169394 �
Y 3/2 3/4 2 1/2 0.2 1.2 0.5 2.4 N/A N/A N/A

Z 2 3/4 8/3 3/8 0.2 1.2 0.5 2.4 0.07170161 1.18991661 2.63938178
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The following two examples give lower bounds on ruin probabilities for Pareto and

Lognormal distributed claims, respectively, and both have no explicit analytical

expressions.

EXAMPLE 3. Lower bounds on ruin probability for Pareto distribution

Let W �Pareto (/t; u) (/t�1) with the survival function FW (t)� [u=(t�u)]t: The mean

residual lifetime function of W can be easily derived as eW (t)�(t�u)=(t�1) which is

strictly increasing in t from its mean E[W ]�u=(t�1) to �: The mean residual lifetime

function of Z; which is Gamma (a,b) distributed, is strictly increasing (decreasing) from

its mean a/b to 1/b for aB(�) 1 (Klugman et al. (2004), p. 53), and Exp(b) has a constant

mean residual lifetime function 1/b. Therefore, if a51 and (1=b)5 [u=(t�1)] then

eZ(t)5eW (t) for all t]0; if a]1 and E[Gamma (a,b)]�/(a=b)5 [u=(t�1)]�E[Pareto

(t; u)] then eZ(t)5eW (t) for all t]0, implying Gamma (a,b) /5mrl Pareto (t; u): For
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Figure 5. Upper and lower bounds for Y�Gamma(1:5; 0:75):
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example, Z� /Gamma (2; 3=4)5mrl Pareto (t; u) if u=(t�1)]8/3. Feasible lower bounds

from Z on KW (u); ct;W (u) and P(1)
cd;W

(u) are given in Figure 5(a), (b) and (d), respectively.

PROPOSITION 2. A feasible lower bound resulting from Gamma (n,b) on ruin probability for

Pareto (t; u) distributed claims with t�1 can be obtained if 15n5b[u=(t�1)]:

Similarly, let Y have survival function FY (u)�an
i�1qie

�biu where an
i�1qi�1 and 05

qi51; i�1; . . . ; n; and FZ(u)�e�min(b1;...;bn)t: If E[Z]�1=min(b1; . . . ;bn)5 [u=(t�1)]�
E[W ] then eZ(t)5eW (t) for all t]0, implying Z5mrl W and thus Y 5mrl Z5mrl W by

Example 8 in the Appendix. Given assumptions in Table 1 for Y and Z, if u=(t�1)]4/3

then feasible lower bounds from Z (tighter than the ones from Y) on KW (u); ct;W (u) and

P(1)
cd;W

(u) are given in Figure 2(a), (b) and (d), respectively. I

EXAMPLE 4. Lower bounds on ruin probability for Lognormal distribution

Let W�Lognormal (m,s) (m can be negative) with the probability density function

fW (t)�((e�1=2[(lnt�m)=s]2 )=(ts
ffiffiffiffiffiffi
2p

p
)); and Z�Gamma (a,b) with fZ(t)�((bt)ae�bt)=(tG(a)):

Since there are no explicit analytical expressions for the survival functions of Z and W, we

would compare Z and W with respect to the likelihood ratio order rather than the hazard

rate order or the mean residual lifetime order. By Definition 1 in the Appendix, Z5lr

/(]lr) W if h(t)�fZ(t)=fW (t)�Ctae[(lnt�m)=s]2=2�bt is non-increasing (non-decreasing) in t

where C�bas
ffiffiffiffiffiffi
2p

p
=G(a); or h?(t)��Cta�1e1=2[(lnt�m)=s]2�bt[(bst�m�as)�lnt]=s5(])0

for all t�0. Since any linear function with positive slope goes to infinity faster than the

natural logarithm, it is impossible that (bst�m�as)�lnt50 for all t�0. Thus, we

cannot find any pair of parameters (a,b) such that Lognormal (m;s)5lr Gamma (a,b).

Because e�(m�as�1)t�(m�as) is the tangent to lnt at t�em�as�1; we have that if bs]

e�(m�as�1) (or a5 [m�1�ln(bs)]=s) then bst�(m�as)]e�(m�as�1)t�(m�as)] lnt

for all t�0, which implies Gamma (a,b) 5lr Lognormal (m;s): Thus, Gamma (a,b)/5mrl

Lognormal (m;s) by Diagram 1 in the Appendix. For example, Z�Gamma (2,3/4)/5mrl

Lognormal (m;s) if (3=4)s]e�(m�2s�1): Feasible lower bounds from Z on KW (u); ct;W (u)

and P(1)
cd;W

(u) are given in Figure 5(a), (b) and (d), respectively.

PROPOSITION 3. A feasible lower bound resulting from Gamma (n,b) on ruin probability for

Lognormal (/m;s) distributed claims can be obtained if 15n5 [m�1�ln(bs)]=s: I

Note that to obtain tighter lower bounds resulting from Gamma (n,b) on ruin

probabilities for both Pareto (/t; u) and Lognormal (/m;s) distributed claims, we should

take larger integers n satisfying 15n5b[u=(t�1)] and 15n5 [m�1�ln(bs)]=s;

respectively. However, bigger n leads to more time and efforts to implement numerical

methods to obtain n�1 roots, s1; s2; . . . ; sn�1; to a polynomial of degree n�1 for ruin

probability ct(u)�an�1
i�1 Cie

�siu:

15Ruin probabilities for the surplus process perturbed by diffusion
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Appendix

A technical preliminary

In the appendix, we propose some definitions and lemmas for a variety of orders between

two random variables (Shaked & Shanthikumar (2007)). In addition, we give some

examples for the likelihood ratio order between two random variables used in this paper.

First, let rZ(t)�fZ(t)=FZ(t) be the hazard rate (or failure rate) function, eZ(t)�
E(Z�t½Z�t)�f

�

t
FZ(u)du=FZ(t) be the mean residual lifetime function, and P(k)

Z (t)�
f
�

t
(u�t)kdFZ(u) be the k-th stop-loss transform, k�0; 1; . . . ; for a random variable Z.

When k�1, the first stop-loss transform is denoted by PZ(t):

DEFINITION 1. X is less than Y in the meaning of the likelihood ratio order, denoted by

X 5lr Y ; if dFX (t)=dFY (t) is non-increasing in t over ft:dFY (t)�0g:

LEMMA 6. X 5lr Y UdFX (s)dFY (t)]dFX (t)dFY (s) for all s5t:

16 C. C-L. Tsai
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DEFINITION 2. X is less than Y in the meaning of the hazard rate order, denoted by X 5hr Y ;

if rX (t)]rY (t) for all t]0.

LEMMA 7. X 5hr Y UFX (t)=FY (t) is non-increasing in t over ft:FY (t)�0gUFX (s)FY (t)]

FX (t)FY (s) for all s5t.

DEFINITION 3. X is less than Y in the meaning of the mean residual lifetime order, denoted

by X 5mrl Y ; if eX (t)5eY (t) for all t]0.

LEMMA 8. X 5mrl Y Uf
�

t
FX (u)du=f

�

t
FY (u)du is non-increasing in t over ft:f

�

t
FY (u)du

/�0gU [f
�

s
FX (u)du][f

�

t
FY (u)du]] [f

�

t
FX (u)du][f

�

s
FY (u)du] for all s5t.

DEFINITION 4. X is less than Y in the meaning of the stochastic order, denoted by X 5st Y ;

if E[w(X )]5E[w(Y )] for all non-decreasing real function w on [0;�):

LEMMA 9. X 5st Y UFX (t)5FY (t) for all t]0.

The following implications of the orderings of a pair of random variables X and Y can be

found from Shaked & Shanthikumar (2007).

DIAGRAM 1.

There is no implication relationship between stochastic order and the mean residual

lifetime order. However, if eX (t)=eY (t) is non-decreasing in t, then X 5mrl Y [X 5hr Y

which implies X 5st Y (Shaked & Shanthikumar (2007)).

DEFINITION 5. X is less than Y in the meaning of the n-th stop-loss order, denoted by

X 5sl(n) Y ; n�0; 1; 2; . . . ; if E(X k)5E(Y k); k�1; 2; . . . ; n�1; and P(n)
X (t)5P(n)

Y (t) for all

t]0.

Note that X 5sl(0) Y is equivalent to X 5st Y since P(0)(t)�F (t); and we denote X 5sl Y

for n�1. The k-th stop-loss transform can be generalized for a non-negative and

decreasing function which is not necessarily a distribution tail as follows: let V�
fQ(u); u]0:Q(u)]0; decreasing and limu0�Q(u)�0g; the k-th stop-loss transform

P(k)
Q (t) of Q �V is defined as P(k)

Q (t)��f
�

t
(u�t)kdQ(u): With the definition of V, Cheng

& Pai (2003) generalized Definition 5 to the following.

DEFINITION 6. Suppose Q1, Q2 �V and the n-th stop-loss transforms of Q1 and Q2 exist. Q1

is less than Q2 in the meaning of the n-th stop-loss order, denoted by Q15sl(n) Q2; if

17Ruin probabilities for the surplus process perturbed by diffusion
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�f
�

0
ukdQ1(u)5�f

�

0
ukdQ2(u); k�1; 2; . . . ; n�1; and �f

�

t
(u�t)ndQ1(u)�P(n)

Q1
(t)5

P(n)
Q2

(t)��f
�

t
(u�t)ndQ2(u) for all t]0.

EXAMPLE 5. Let X �Gamma(a1;b1); Y �Gamma(a2;b1) and Z�Gamma(a2;b2): Then

X 5lr Y 5lr ZU0Ba15a2 and 0Bb25b1:

Proof. X5lrY UdFX (t)=dFY (t)�f[(b1t)a1 e�b1t]=[tG(a1)]gf[tG(a2)]=[(b1t)a2 e�b1t]g� [G(a2)=

/G(a1)](b1t)a1�a2 is non-increasing in tU0Ba15a2; Y 5lr ZUdFY (t)=dFZ(t)�
f[(b1t)a2 e�b1t]=[tG(a2)]gf[tG(a2)]=[(b2t)a2 e�b2t]g�(b1=b2)a2 e�(b1�b2)t is non-increasing in

tU0Bb25b1: I

EXAMPLE 6. Let X �Geometric(b1) and Y �Geometric(b2): Then X 5lr

/Y U0Bb15b2:

Proof. X 5lr Y UdFX (k)=dFY (k)�f([1=(1�b1)][b1=(1�b1)]kg=f[1=(1�b2)][b2=(1�
b2)]k)g[(1�b2)=(1�b1)]f[b1(1�b2)]=[b2(1�b1)]gk

is non-increasing in kU [b1(1�b2)]=

/[b2(1�b1)]51U0Bb15b2: I

EXAMPLE 7. Let FX (t)�e�bt and FY (t)�an
i�1qie

�bi t where 05qi51; i�1; . . . ; n; and

an
i�1qi�1: Then b]max(b1; . . . ;bn)[X 5lr Y ; and b5min(b1; . . . ;bn)[X ]lr Y :

Proof. (dFY (t)=dFX (t))�an
i�1qi(bi=b)e�(bi�b)t is non-increasing in t if bi]b; i�1; . . . ; n;

and non-decreasing in t if bi5b; i�1; . . . ; n: Therefore, X 5lr Y for b]max(b1; . . . ;bn);

and X ]lr Y for b5min(b1; . . . ;bn): I

EXAMPLE 8. Let FY (t)�an
i�1qie

�bi t where 05qi51; i�1; . . . ; n; and an
i�1qi�1;

FX (t)�e�max(b1;...;bn)t; and FZ(t)�e�min(b1;...;bn)t: Then X 5lr Y 5lr Z:

18 C. C-L. Tsai
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