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1 Introduction

The problem of risk-sharing, or how to split an aggregate uncertain endowment between two
or more individuals, has a long tradition in Economics, starting with Arrow [2], followed by
Borch [4], Wilson [41] and Amershi and Stoeckenius [1], among others. All those papers con-
sider the problem in a static setting and link it to Pareto-optimization. An influential strand
of dynamic models starts with Lucas and Stokey [28], followed by Epstein [17]. They intro-
duce recursive utilities. Risk-sharing with several agents and recursive utilities is studied in
Duffie, Geoffard and Skiadas [15] and Dumas, Uppal and Wang [16]. Dynamic optimization
techniques in continuous-time are introduced by Merton [29] for a consumption/portfolio
optimization problem. Technically, the choice of consumption is equivalent to the choice of
effort in risk-sharing problems, while the choice of an optimal portfolio is equivalent to the
choice of project. For this reason, these optimization techniques are suitable for risk-sharing
problems. An early important paper in continuous-time considering a Principal-Agent prob-
lem with moral hazard is Holmstrom and Milgrom [20]. They consider exponential utility
and show that the second-best contract is linear. That result has been extended by Schéttler
and Sung [37] and Sung [39] to the case in which the agent also chooses the project.! More
recently, Miiller [30, 31] finds the full information (the “first-best”) risk-sharing solution of
the Holmstrém and Milgrom [20] problem, which is linear as well, and shows how it can
be approximated by control revisions taking place at discrete times. Bolton and Harris [3]
consider a very general setting. Sannikov [36] considers the case of hidden information for
more general types of utilities than Holmstrém and Milgrom [20]. In the same spirit, we
mention Detemple, Govindaraj and Loewenstein [14] and Cvitani¢, Wan and Zhang [11].
Williams [40] introduces the Backward Stochastic Differential Equations approach to the

problems with moral hazard, and also includes a state variable, possibly unobserved by the

!These papers are related to a different strand of the literature that considers risk-sharing with “hidden
action” in dynamic discrete-time settings: Spear and Srivastava [38] characterize the general solution, using
dynamic programming principles; Phelan and Towsend [33] present a numerical algorithm to solve a general
set of dynamic problems with hidden action; DeMarzo and Fishman [13] apply the dynamic programming
results of the former to a large number of problems affecting the dynamics of a firm.



principal. An important recent paper is Ou-Yang [32], which considers a similar risk-sharing
problem, but without independent control of the drift. His focus is on the project selection
problem, applied to the choice of a portfolio by a money manager acting for an investor.
Finally, we mention Larsen [27], which solves numerically the case with power utilities for
the linear, portfolio delegation case, for contracts which depend only on the final value of
the portfolio.

Most of the continuous-time papers use the techniques first introduced in finance by
Merton [29], or the more recent martingale methods, which were suggested as an alternative
way to solve the optimal consumption/portfolio optimization problem. Martingale tech-
niques were developed initially by Pliska [34], Cox and Huang [5] and Karatzas, Lehoczky
and Shreve [22], and presented in great generality in Karatzas and Shreve [24]. See also
Cvitani¢ and Zapatero [12] for a more elementary exposition.

In this paper we consider a very general first-best risk-sharing framework, with effort and
project selection. The continuous-time papers with full information mentioned above are
particular cases of our model. As in those papers, we take advantage of the similarity of the
problem to the setting considered in Merton [29]: Optimal consumption in this paper would
be equivalent to optimal effort, and optimal portfolio would correspond to project selection.
In particular, we use the martingale methodology to solve the problem. This approach
allows us to consider general utility functions for both agents and characterize the optimal
contract. In principle, it can be applied to general semimartingale (and not just Markovian
diffusion) settings. Martingale methods work particularly well in a complete markets setting.
For our problem, that means the possibility to fully control the volatility of the aggregate
wealth process (“project selection”). In addition, we allow an interplay between volatility
selection and drift (“optimal effort”) selection, and we allow separate, independent control
of the drift. We also allow continuous consumption of the aggregate wealth process, and,
similarly, we allow the contract to consist of a continuous salary payment. The generality

of our model makes it suitable for many applications as particular cases, including optimal



executive compensation and money management compensation.

One specific question we are interested in is when the optimal contract is non-linear.
For the complete markets case we obtain detailed results, including an important example
in which the individuals have different utility functions outside the class of CARA utilities,
and the optimal contract is nonlinear and/or path dependent. Moreover, a wide range of
contracts can be optimal, and when there is no independent drift control, it is optimal for
the principal to offer a contract function that is a solution to a certain ordinary differential
equation. This enables us to construct an example in which a call option contract is optimal.

A number of papers have extended martingale methods to incomplete markets setting
(see section 5 for a review of some of these papers). In our setting, incomplete markets
include the case in which there might be project selection subject to a cost function, but
not choice of effort (like in Ou-Yang [32]), as well as the case in which there is effort, but
not project selection (like in Holmstrom and Milgrom [20]). In order to address this type
of problems we use an approach based on searching for a payoff which is related to a “fixed
point” of a functional that connects the utility maximization problems of both individuals.
It can also be represented as related to a solution of a corresponding dual problem. We
re-derive the solution to the main example solved in Ou-Yang [32] using this approach and
using ideas from Cvitani¢ [7] and Cuoco and Cvitani¢ [6]. We also address the original
Holmstrom-Milgrom problem with exponential utilities and controlling the drift only. We
illustrate our methodology by computing the principal’s utility in the first-best case, which
is strictly larger than the second-best, when the contracts are based solely on the observed
controlled process.

The paper is organized as follows: In Section 2 we set up the model. In Section 3 we
analyze the “complete markets ” case. We then show that the first-best actions can be
implemented by a contract of a simple form. We provide some explicit examples in Section
4. In Section 5 we analyze the general “incomplete markets” case. We conclude in Section

6, mentioning possible further research topics. The proofs of the main results are collected



in the Appendix.

2 The Model

In this paper we consider first-best risk-sharing problems, which have many applications in
practice. We do not consider agency issues, but it will be convenient (as in the other first-best
problems in the literature reviewed in the previous section) to use the label “principal” for
the individual who pays the compensation (such as the firm in an executive compensation
problem or the investor in a money management problem) and the label “agent” for the
other individual, in charge of exercising effort and selecting projects (such as the executive
who works for the firm or the money manager who works for the investor).

We start with a very general model, but most of our results and all the examples will be
for Brownian motion filtration. Let X be a n—dimensional RCLL semimartingale process
on a probability space (2, F, P), and denote by F := {F;};,<7 its augmented filtration on
the interval [0,T]. Let us call the process controlled by the agent “stock price”, motivated
by the example of a company compensating its executives. The dynamics of the process

S = 549D is given by

dSt = (5atdt — Dtdt + Q(t, St)dt + U;dXt . (1)

where § € [0,00) is a constant, and a, 0 and D are F-adapted stochastic processes chosen
by the agent. Here, o is n—dimensional and 6 = 6(¢, S;) is a possibly random functional of
(t,S;), such that the above equation has a unique solution for constant values of a, D and
0.

The process D represents the “dividend” rate or the “consumption” rate of the principal.
The control a is the level of effort the agent applies. The higher a, the higher the expected
value of the stock. We will assume later that the effort produces disutility for the agent. On

the other hand, the choice of ¢ represents the choice of the volatility of the stock, although



it may also have an impact on the expected value. We interpret the choice of ¢ as a choice
of projects. We assume that the agent can choose different projects or strategies that are
characterized by a level of risk and expected return. In the case of delegated portfolio
management the value of § and D would be zero. We study that case separately in a later
section.

The agent receives final payment Pr from the principal, as well as a continuous payment
at a “compensation” rate ¢q. Here, Pr is a Fpr—measurable random variable, while ¢ is
an adapted process. We consider two optimization criteria for the agent: the “separable”
criterion and the “non-separable” criterion. We are going to consider two problems. In

Problem I, the agent wants to maximize, over a, o, and D,
T —
Problem I: w;(a,0,D; Pr,q) :=F [Ul (Pr) +/ Vi(t, ) — G(t,at,at,St)]dt] . (2)
0
and in Problem II the agent wants to maximize over a, o,

Problem II: wuj;(a,0, D; Pr,q) := us(a,0,0; Pr,0) := E {Ul (PT — /T G(t,at,at,St)dt>]
0
(3)
Here, Uy (-) and V;(t, -) are the utility functions of the agent, which we assume to be differen-
tiable, strictly increasing and strictly concave. The function G is a penalty that measures the
disutility from the effort a, but can also depend on t, o, S;. We assume that G(t, 0, 0;,.S;) = 0
and G is a strictly convex and differentiable function of a, strictly increasing in |a|. We note
that D = ¢ = 0 in Problem II.
Problem I is a standard “separable” formulation, but to be able to include the Holmstrom-
Milgrom [20] framework, we also consider the “non-separable” Problem II, which is common
when exponential utilities are used.

In Problem I the principal’s problem is to maximize over Pr and ¢

T
Problem I: v;(a,0,D;Pr,q) = E UQ(ﬁST—PT)+/ Vo(t,kDy — q)dt| ,  (4)
0



and in Problem II the principal’s problem is to maximize over Pr
Problem II: wv;/(a,0,D; Pr,q) = vi(a,0,0; Pr,0) := E[Us(B8Sr— Pr)]. (5)

Here, Us(+) and Va(t, -) are strictly increasing and strictly concave utility functions. In other
words, the principal’s utility measures the trade-off between the value of the stock at time T’
and the payoff Pr to the agent, as well as between the dividend rate D and the compensation
rate ¢, where the relative importance of St and D is measured by constants 3 > 0, k > 0.
Here, (1 — k) can also account for the tax rate on dividends.

The principal has full information and, in particular, she can observe the agent’s actions.
The time horizon T is fixed.

The principal has to guarantee that the (optimal) expected utility of the agent is at least
as large as a reservation utility R. That is, for Problem I

T
Problem I: maxFE {Ul (Pr) +/ Vi(t,q) — é(t,at,ot,St)]dt] > R,
0

a,o,D

and for Problem II

T
Problem II: maxFE {Ul (PT—/ C_}’(t,at,ot,St)dt>] > R.
0

a,o

The value R can be interpreted as the reservation utility that the agent would achieve in the
best alternative offer he has. This restriction amounts to an individual rationality constraint

or participation constraint. We will call it the “IR constraint”.



2.1 Relation to Merton’s Problem

With full information, the principal can force the agent to implement the “first-best” solu-
tion, subject to the IR constraint. In other words, the principal solves the problem

max [v;(a, 0, D; Pr,q) + Au;(a, 0, D; Pr, q)] (6)
a,0,D,Pr,q

fori = I ori = I, where the Lagrange multiplier A will be chosen so that w;(a, o, D; Pr,q) =
R.

Instead of finding optimal a, o, D, we could consider finding the optimal stock price St
and consumption process D which can be “financed” by some pair (a, ). Suppose now that
there is no effort a or that it is fixed, so that the only control is ¢, and suppose G = 0.

Consider, for concreteness, Problem 1. Denote
Ux(S) = m}gx[UQ(ﬁS — P) + AU, (P)] (7)

Va(t, D) = max[Va(t, 6D — q) + Aa(t, 9)]- (8)

Then, the first-best problem (for Problem I) is equivalent to the problem of maximizing

E {UA(ST) + /OT VA(t,Dt)dt} (9)

where (S7, D) can be financed by a “portfolio” ¢ in the sense that (1) is satisfied (with control
a fixed). The problem (9) is of the form of the classical Merton [29] optimal portfolio and
consumption selection problem, with utility functions U, and V.

This interpretation provides useful intuition for the explicit results we obtain in examples.
However, we do not use it explicitly in the proofs, which are provided for the general case
with optimal effort @ and with non-zero penalty function G.

In order to solve the problem, we use “martingale” methods developed to address Mer-



ton’s problem. Let us briefly recall the basic facts of the “martingale” approach. Suppose
that in the model (1) the process a is fixed. It is well known in the finance literature (see, for
example, Karatzas and Shreve [24]) that Merton’s problem is much easier when markets are
complete, since given D and a, any (sufficiently integrable) Fr-measurable random variable
St can be financed by a process o, starting from a large enough initial amount Sy. It is also
well known (as the “Second Fundamental Asset Pricing Theorem”) that, under technical
conditions, markets are complete (and arbitrage-free) in the model (1), with § = 0, if and
only if there exists a unique martingale process Z, so-called “Stochastic Discount Factor”
or SDF, such that Zy = 1 and the process Mts = Z:S; + fot Zs|Ds — das)ds is a martingale.
In particular,

T
E[Mz] = E |:ZTST +/0 Zy(D, — da)ds| = Sp. (10)

In such a model, the solution to the problem of maximizing (9) is to have
Dy = I;\/(tv th) ) St = I)[\](yZT)v (11)

where IY(+), I (t,-) are the inverse functions of marginal utilities U} (-), VY (¢, ), and where
the constant y is chosen so that (10) is satisfied.

On the other hand, if markets are incomplete, in the sense that we cannot attain all
random variables St as the final value of process S (for an appropriate Sp), then there are
many processes Z with above properties, and the one we need can typically be found as a
solution to an associated dual problem.

In view of the above, we will first consider the complete markets case, that is, the case
in which all (sufficiently integrable) outcomes St can be attained by appropriately choosing
o, if Sy is such that (10) is satisfied. In those models, we will be able to solve more easily a

number of examples, and to obtain more results than in the general case.



3 Complete Markets

In this section we assume that we have the following special case of model (1):
dSt = 5atdt — Dtdt + CY;O'tdt + U;dmt s (12)

where m is a n-dimensional martingale process, and where « is a n-dimensional adapted
process representing the size of the tradeoff between the risk and the return of S. For
example, in one dimension higher o means higher return, but also higher risk. We could
also allow a linear term of the form p;Sydt in the dynamics for S, but this reduces to the
dynamics of the above type by considering the “discounted” process el psdsG, - In the
examples below m will be a Brownian motion, possibly multi-dimensional. Another typical
example would be a discrete-time model, with m being a random walk process.

We also assume that the penalty is only imposed on action (or effort) a:

G(t,a,0,9) = G(t,a).

Let us assume that for the model (12) there exists a martingale Z with Z, = 1 such that

the process M defined by
t
M? = Z,S, + / Z,|D, — day)ds (13)
0

is a local martingale. We will impose a somehow stronger (technical) requirement:

Definition 3.1 The set of admissible actions is the set of triplets (a,o, D) such that process

M? is a martingale.

Remark 3.1 As is well known, and can be checked by Ito’s rule, if m is a one-dimensional



Brownian motion W, m = W, we can take

t 1 t
7y = exp{—/ a,dW, — —/ a?ds}
0 2 /o

satisfying
dZt = —OétthWt .

In this case we have

t
M7 = Sy+ / (05 — aSy) Z,dW, (14)
0

and a sufficient condition for M* to be a martingale is E[fOT los—aSs|*Z2ds] < co. However,
we will not have to check whether the candidate optimal triple is admissible, because the

optimal solution will be constructed so that M® is automatically a martingale.

We will also assume the following “spanning” property, or the martingale representation

property (equivalent to complete markets):

Assumption 3.1 Martingale Representation Property: For any given pair (a, D) of adapted

processes and any JFp-measurable random variable X such that
T
E {ZTX +/ Zs(Dg — dag)ds| = Sy, (15)
0

there is an adapted process o such that S;’D’” = X is the terminal value of the stock price

process corresponding to (a, D, o).

It is really this property which drives the results in this section, that is, the ability of the
agent to span, by an appropriate choice of o, all random outcomes X at time T for which
the “budget constraint” (15) is satisfied.

In the case m = W, this property is satisfied as follows: Introduce a martingale

T
MY = E, [ZTX+/ Zy(D, — da,)ds (16)
0

10



where E; denotes expectation conditional on the o-algebra generated by W up to time t.

The Martingale Representation Theorem says that we can write
t
MY = E[M7] +/ X dW,
0
for some adapted process ¢*. Having in mind (14), we choose o so that
(Ut — OéSt)Zt = (,Dt)( .

With such choice of o, the corresponding stock process S will satisfy (1), we will have

MX = M7 for all t < T, and Sp = X.

3.1 The First-Best solution

In order to describe the solution, denote by I the inverse function of the marginal utility
function U/, by I (t,-) the inverse function of the marginal utility function V/(¢,), and by
J(t,-) the inverse function of G'(t,-), where G’ denotes the derivative with respect to the
second variable. That is,

IY(2) = (U)H2), 1)t 2):= V)4t 2), Jtx):= (Gt m). (17)

)

These inverse functions exist because U;, Vj(t,-) are strictly concave and G(t,-) is strictly
convex.

Introduce the indicator

1 for Problem I
A= (18)

0 for Problem II

and analogously for A;;. We will see below that the IR constraint becomes, for some constant

z,

R < E|U(IY(2Z7)) + Af x /OT{V1 (Ilv (%Z)) —G(s,J(s,éﬁéZs))}dsl . (19)

11



We need the following assumption to solve the principal’s problem
Assumption 3.2 There ezists a unique number Z such that (19) is satisfied as equality.

We also impose the following assumption, whose meaning will become more clear in the

proof of Theorem 3.1 in the Appendix, and which corresponds to (15):

Assumption 3.3 There exists a number y = 1 so that the following principal’s feasibility

constraint is satisfied:

T
B[So + A x TSJ(T,06)] + Ay x E [/ BoZyJ (t, 302Z;) dt} (20)
0

= B [Zr {I{ (22r) + I (§Zr) + Apr x TG(T, J(T,58)) }]
+A; x E [/OT {Z% {]Y <s, %Z) + 1y (s, gyZ)} } ds] .

The main result in this subsection is

Theorem 3.1 Suppose that Assumptions 3.2 and 3.3 hold. Then, the solution to the first-

best problem (6) consists of the payoff
Pr = BSp — 1Y (92r) | (21)

and the compensation rate

G = A7 x {/@Dt — I (t, égz)} . (22)
K

The optimal first-best triple (a, o, ﬁ) is given by

kD, = Apx {JlV (t,ééZt) + I (t, %Zt)} , (23)
K K

dt = A[ X J(t,ﬁééZO + A[[ X J(t,éﬁ) s (24)

12



while & is chosen so that at the final time we have
BSr = I (2Zr) + 13 (§Zr) + A x TG(T, J(T,60)) . (25)

Proof: See the Appendix. o

Remark 3.2 (i) In all of our examples below Assumptions 3.2 and 3.3 are satisfied. For
Problem II, Assumption 3.2 boils down to the existence of 2 such that R = E[U, (1Y (2Z7))],
which is satisfied if R is in the range of function Uy, and the range of IV covers the whole
domain of U;. Similarly, Assumption 3.3 is not hard to verify in case of Problem II. For
example, it is sufficient in that case that the function IY(-) has the whole real line as its
range.

(ii) A standard agency problem is the moral hazard case in which the effort a is not observed
by the principal. In our setting, that would imply that m is not observable either, and then
our optimal contract (]5, ¢) may not be feasible, since the process Z depends on m. However,
notice that as long as there is no agency cost, our solution remains optimal, even if there
is no effort a, since if .S is continuously observable, then the control ¢ is observable, as a
quadratic variation of process S. This is, for example, a natural setting for the analysis of
the problem of delegated portfolio management.

(iii) In case of Problem I, from (3.10) and (3.14) it follows that
Uy(BSr - Pr) = LU1(Pr) (26)
This is a familiar condition for Pareto-optimal risk-sharing between two agents.

3.2 Contracts That Implement the First-Best Solution

We say that a triple (a, 0, D) is implementable by a contract (Pr,q) if, when offered that
contract, the agent chooses optimally the actions (a,o, D). The issue of implementability

is usually not considered in the full information literature because, with full information,

13



the principal can force the agent to implement the first-best. However, it is of interest for
practical applications to find simple contracts which implement the first-best. See Remark
3.3 below.

We now claim that the contract from Theorem 3.1 implements the first-best controls

(a,6,D).

Proposition 3.1 We suppose that Assumptions 3.2, 3.3 hold. If the principal offers the
agent the contract (Pr,q,) of (21) and (22), then the agent will choose the first-best controls

(a,0,D) of Theorem 3.1.

Proof: See the Appendix. o

Remark 3.3 (Uniqueness of the optimal contract.) In our setting, there are many ways to
achieve the first-best solution. For example, a contract that imposes an infinite penalty on
the agent if the first-best control is not chosen. Here we want to consider only contracts
that depend on the stock price and on some benchmark (independent of the effort). This is

a class of contracts widely used in practice. They are of the type

Pr = F(Sr) — Br, (27)

and similarly for ¢, where F(z) is a deterministic function, such that F’(z) > 0, and Br
is a Fr measurable random variable. That is, the payoff depends on the performance of
the underlying process S compared to a benchmark value By. In Cvitani¢, Wan and Zhang
[10], which follows up on the present paper and extends it, it is shown, in the model with
one Brownian Motion and with ¢ = D = 0, that the contract (21) is the only contract of
the type (27) which implements the first-best solution, when there is both effort choice and
project selection. When there is only project choice, if 3 = 1, it is shown that all optimal

contracts of the type (27) which implement the first-best solution have to be of the form

F(St) — By = kSy + 1} (2Zr) — kI (2Z7) + 1] (§27)] (28)

14



for some positive number k.

Remark 3.4 (Benchmark value.) As indicated in the previous remark, the agent is re-
warded based on the performance of Sy relative to the benchmark value By = I¥(§Zr).
Note that this benchmark value is of the form which is optimal for Merton’s problem of
maximizing utility from terminal wealth with utility function U,. This, together with a
similar observation for ¢, is what drives the agent to apply the controls which are first-best
for the principal. The benchmark internalizes for the agent the cost of deviating from the
first-best. Thus, the principal is able to get the utility from a random outcome of the same
form, IY (§Z7), as if maximizing utility directly (without the agent), except that the value
of g is adjusted to account for the agent’s reservation utility. Also note that, except for the
constant g, the contract does not require that the principal knows the agent’s utility, which

is convenient in practice.

3.3 Payoff as a Function of Sp; The Case of Delegated Portfolio
Management: 6 =D =¢q =0

We discuss next when there is an optimal contract which depends only on the final value

St.

Remark 3.5 Suppose we can solve equation (25) for a unique positive solution Zr in terms

of St, as some function

Zr = h(Sr)

That will give us the form of the optimal contract in terms of Sr, using (21):

Pr = f(Sr) = BSr— I (§h(St)) = IV (h(Sr)) + A x TG(T, J(T,683)) . (29)

Even though, in this case, the optimal payoff Pr turns out, ex post, to be of the form

Pr = f(St) for some function f, it is not true in general, that it is optimal to offer a contract

15



to the agent in that form, ex ante. More precisely, if we want the contract to induce the
agent to implement the first-best solution, the optimal risk-sharing rule does not involve
a payment for the agent of the type Pr = f(Sr), but of the type Pr = 35Sy — IV (9Z7).
We show in the next section in a counterexample that the utility for the principal when
Pr = f(Sr) is offered can be smaller than the optimal utility resulting from the optimal
contract of the previous theorem, even when f is linear, if 6 > 0. On the other hand, if 6 = 0,
we will show that if f(Sy) is a linear function, then Pp = f(Sy) is an optimal risk-sharing

rule.

We assume now that we are still in a complete markets setting, but there is neither
choice of effort a, nor dividend rate D, nor compensation rate ¢, and we call this model the

delegated portfolio management model:

dSt = CY;O'tdt‘i‘O_;dmt . (30)

Here, the process S should be interpreted as the value of a portfolio selected by a manager
who uses the portfolio strategy o. That is, the manager chooses the weights in the different
securities available, which amounts to the choice of o, the volatility of the portfolio, and
also has an effect on the expected return of the portfolio. The process a represents the local
expected return rate of S, a weighted average of the local expected returns of the securities
in the portfolio. The process m represents the random shocks to the value of S.

We denote IV = I;. In the following, we say that a contract is optimal for the principal if
the principal can attain the same maximal utility with that contract, as when the first-best
solution is implemented. We have the following result about the optimal contract being a

function of St:

Proposition 3.2 Consider the delegated portfolio management model (30). Assume that
the agent is allowed to use only controls o for which the local martingale process ZS is a

martingale. Assume also that there exists a function d = d(s) which satisfies the ordinary
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differential equation

Us(Bs — d(s))
d(s) = 422 1
() = A (31)
for a given constant z4 and y as before. In addition, assume that the maximum in
Ud(z) = max{U,(d(s)) — zs} (32)

is attained at a unique value s = s(z) for which the first derivative of the function on the

right-hand side s zero:

U(d(s(z))d'(s(z)) = = . (33)

Assume that zq and the boundary condition for the solution d(s) of the above ODE can be
chosen so that

E[ZTS(ZdZT)] = S()

and

E[U(d(s(za2r)))] = R . (34)

Then, it s optimal for the principal to offer the contract

Pr = d(Sr)

Proof: See the Appendix. o

Remark 3.6 (i) It can be checked that if both agents have exponential utilities, or if they
both have the same power utility, then the solution to the ODE (31) is a linear function,
so that the optimal contract is then linear. Moreover, there are many cases in which the
solution exists and is not linear. We postpone the details until we present examples in the
next section. Numerical experiments suggest that, in general, there are no natural conditions
under which the solution d(s) is convex or concave (see Larsen [27] for some numerical results

for this problem).
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(ii) Note that (26) is different from (31) (except when d(s) is linear). The ODE provides
a contract which will result in the highest possible utility for the principal, but will not
necessarily induce the agent to implement the first-best actions. Also note that the marginal

payoff d'(s) is proportional to the ratio of marginal utilities.

Next, we want to show, using a different argument, a related result: if the function f
of (29) is linear, then the first-best risk-sharing rule can be determined as f(Sr). First, we

have the following corollary to Theorem 3.1.

Corollary 3.1 Let assumptions of Theorem 3.1 hold and § and Z be as in that theorem. In

the delegated portfolio management model (30), any contract for which at time T we have
Pr = Sy — Ly(yZr) (35)

is optimal for the principal. Reversely, if a contract is optimal for the principal, then it has

to satisfy the above equality at time T.

Proof: See the Appendix. o

Theorem 3.2 Consider the delegated portfolio management model (30). Assume that the
agent is allowed to use only controls o for which the local martingale process ZS is a mar-
tingale, and that there exists a number § such that the principal’s feasibility constraint (20)
is satisfied, with Z determined from the IR constraint (19) satisfied as equality. Assume that
the function f(s) = Bs — I2(gh(s)) of (29) is a non-constant linear function, and that there

18 a unique solution z* to the equation

SO = E[ZTf_l(Il<Z*ZT))]. (36)

Then, the linear contraxt Pr = f(St) is optimal for the principal.

Proof: See the Appendix. o
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4 Examples

We only consider examples with D = ¢ = 0, but they are easily extended to the general

case.

Example 4.1 (Power and Ezponential Utilities.) Consider first the case of power utilities

in which, for v, <1, 7 <1,

1 1
Up(z) = —2"  and  Us(x) = —a™
gt V2
Then,
Li(z) = 2T and L(z) = =3

Thus, (25) becomes
1 1
ﬁST = (ZZT)A’l_l + (yZT)’Y2—1 + A[[ X TG(T, J(T, 55)) .
In particular, if the utilities are the same, v = 7, we get

L BSr— Ay x TG(T, J(T,55))

7T
ZT

_1 _1
VAL S y’Yl—l

and

#55& — A]I X ,TGCT7 J(T, (55))

PT = ﬁST—[Q(yZT) = zmn-! +A[[XTG(T, J(T,éﬁ)) .

_1
A S y'm*l

That is, if the principal and agent have the same utility, and they both behave optimally,
the payoff turns out to be linear at time 7. The payoff can be offered in this form if § = 0.2
We note that if the principal and the agent have different power utilities, the solution will

be a non-linear contract, ex post.

2Ross [35] shows this result in a static setting. He calls it “the principle of similarity.”
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One way to provide intuition for this is that, if the utility functions are the same, optimal
P for the maximization in the definition (7) of function U, is a linear function of S. Thus,
the optimal risk-sharing rule is linear. Similarly for the following example:

Consider the case of exponential utilities in which

1 1
U(z) = ——e ™  and Us(z) = ——e 7> .

N V2
Then,
1 1
Li(z) = ——1log(z) and Iy(z) = ——log(z).
g "2
Thus, (25) becomes
1 1
5ST + ,-)/_ IOg(ZZT) = _")/_ IOg(yZT) + A[[ X TG(T, J(T, (Sﬁ)) .
1 2

Solving for log(Zr) in terms of Sr,

A x TG(T, J(T,63)) — St — 5-log(z) — o log(y)
log(Z7) = T :
Y1 Y2

Then, using Pr = I1(2Z7) + Ay X fOT G(s,as)ds, we get

1 1 [ A x TG(T, J(T,08)) — BSr — - log(y) — 5-log(z)
Pr = ——log(z) — — - T
2! 2! v + b

—I—A]] X TG(T, J(T, 55)) .

That is, if they have exponential utilities, when they both behave optimally the payoff turns
out to be linear at time T', even when they have different risk aversions. This is consistent
with the known risk-sharing results; it is also true in the case of hidden information, as
shown in Sung [39]. (In his setting a = 0. Here, this would mean that Z; = 1, so that the

optimal first-best contract is S5 — I3(9)).

Example 4.2 (A Counterexample for Linear Payoffs.) We show here with an example the
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case discussed in Remark 3.5, where we argued that when § > 0 it may not be optimal to
choose the contract f(S7) from (29), even when it is linear. Assume the model (12), but with
D =0, m = W being a one-dimensional Brownian Motion and a being a positive constant.
Consider exponential utilities as in the previous example, and consider only Problem II for

the agent, with G(¢,a) = G(a). Then the function f is linear,
f(ST) = c+ bST,
where ¢ and b can be determined from that example:

T2 -1 v T
e [TGUI(39) + 77 loa(i2) e

Let us suppose now that the contract offered is f(Sr). We show in the Appendix that then

the agent will choose optimal actions so that the principal’s utility is of the form

BIUo8r - Pr) = ~Lexp {—% [Teuwb)) TGI(68)) + %log@/z)] } (38)

and that this is strictly smaller than —%, which is the utility with the optimal contract
Pr = BSr — L(§Z7).

Example 4.3 (Nonlinear Payoff as the ODE Solution.) We show here by example that
the ODE (31) can have a nonlinear solution, and hence that a payoff which is a nonlinear
function of St can be optimal.

We assume that

Up(z) =log(z) and Uy(z)=—e" .

Then the ODE (31) becomes

= Zdpps (39)

It can be seen from (20) that ¢ has to be positive, and we assume that z, is positive. Recall
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now a well known special function Ei(z), called exponential integral, defined by

Ei(z) = —/_OO i (40)

This is a well defined function except at x = 0. We are only interested in = < 0, where this

function is continuous and decreases from 0 to —oo. In other words,
Fi(—c0) = and  Ei(0) = —o0 .

We note that, for every = < 0:

We can see that

so that integrating (39) we get

Bi(—d(s)) = —;—;e—ﬁS+c . (41)

We take C' to be a non-positive constant. Since U; is not defined on negative numbers, we

want the potential contract d(s) to be positive. Thus, we consider the inverse function Ei~*

on the domain (—o0,0), with values in (—o0,0). We see that

d(s) = —Bi™! <—;—;e55+0> . (42)

This is a well defined function on s € (—00, c0), continuous and increasing, with

d(—o00) =0 and  d(o0) € (0, 00]
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If C' < 0 then d(oo) < 00, if C'= 0 then d(oco) = co. We verify the remaining assumptions

of Proposition 3.2 in the Appendix, showing that the contract d(Sr) is optimal.

Example 4.4 (Call Option Contract.) We still assume that § = D = ¢ = 0. We can use
Proposition 3.2 to ask ourselves a reverse question: For which utilities is a given contract

d(St) optimal? In this example we show that using log utilities an option-like contract

d(s) =n(s— K)"

can be optimal, for some K > 0,n > 0. We assume

So>K and [B>n .

Suppose that
Ui(z) = clog(x)

for some ¢ > 0. Then,

Li(z) =¢/z,

and we can see that the maximum in

Ud(z) = max{U,(d(s)) — sz}

s>0

is § = ¢/z+ K, which means, as in proof of Proposition 3.1 in the Appendix, that the agent

will act so that
c

Sp = +K (43)

2447

for the value of z4 for which E[Z7S7| = Sy, which is equivalent to

S =S -K . (44)
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Analyzing the ODE from Proposition 3.2, we see that we should try the utility of the form

Us(z) = blog(z — ¢p) for the principal. More precisely, let us assume that

_ if
V() = blog(z — BK) ifx > K (45)
—00 if v <pPK.

Here, b > 0 is a constant. Note that
b
I(z) = P BK .
Now, the principal gets his utility from

Cc

BSr —n(S(T) = K)* = (8-n)

K

by (43), so we would like this expression to be equal to I5(§Zr), since this gives the maximum

utility for the principal. This will be true if

Bne_b (46)
Zd Y
Here, y has to satisfy the original principal’s feasibility constraint (see (20))
BSo = E[Zr11(2Z7) + Zr1(9Zr)], (47)

where Z satisfies the original IR constraint (see (19))

E{clog (z%)] ~ R . (48)

On the other hand, the IR constraint with the present contract is

E[Ui(n(Sr—K)N)] = E {clog (Z:;;T)} =R .
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From the last two equations we see that we need to have

and if one of the equations is satisfied, the other will be, too. With 2 = z;/n, using (46), we

see that the condition (47) becomes
c
BS = BK+ 06—,
Zq

which is satisfied because of (44). Finally, using this, we see that condition (48) becomes

- o (15210 o

For example, in case m = W, this reads
R = cllog{n(Sy — K)} + o°T/2] . (50)

To recap, this is what we have shown: Assuming 6 = D = ¢ = 0, consider any values
¢ >0, K < Sy, B > n such that (49) is satisfied. Then, if the agent and the principal
have the utilities Uy (z) = clog(x), Us(z) = blog(z — SK) respectively, for some arbitrary
constant b > 0, then the option-like contract d(s) = n(s — K)* is optimal. Here, the value
of b is arbitrary because only the ratio b/y matters, as seen from (46), and from the fact
that (47) is equivalent to (44) and thus does not identify ¢ separately.

From (45) we can interpret 3K as the lower bound on his wealth that the principal is

willing to tolerate. We see that the higher this bound, the higher the strike price K will be.

Remark 4.1 (Optimal contract cannot be linear.) One might wonder if it is possible to
attain the best possible utility for the principal by offering a linear contract c¢;St + co,
by trying to solve for c;, co from the IR constraint and from matching the optimal utility

value. We can use the previous example to show that this is typically not possible. With
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c=b=n=1,0 =2, and m = W, it can be computed that the principal’s optimal
utility value in that example is log(Sy — K) + o*T'/2, while the utility of the linear contract

(satisfying the IR constraint), if the agent behaves optimally, is

el () () 5]

If « #0,1/Z7 — 1 can attain any value, and the utility would be —oo, unless ¢; = 2. The

maximal utility is thus log(Sy — K') which is less than the optimal utility.

5 General Models

In this section we consider the general model (1) (with incomplete markets, possibly), and
suggest a duality approach for solving the first-best risk-sharing problem in that context. We
also present an example in which the problem solved in Ou-Yang [32] is solved here using our
approach. His approach uses Hamilton-Jacobi-Bellman partial differential equations, and is
thus restricted to diffusion models, while our approach can be applied to general models,
even though it may not lead to explicit solutions.

In Problem I, we again assume that the penalty is only imposed on action a, G (¢, a, 0, S) =
G(t,a). In Problem II, we consider the general cost function G(¢,a, 0, S).

In order to describe a candidate solution, we introduce some notation. Let us denote by

Dy, the set of all adapted stochastic processes Z for which, using notation (18),

T T
E |:ZT (ﬁST - A][ X / G(t, A, O¢, St)dt> + A[ X ﬁ/ Zt(-Dt — 5at)dt] S L(Z) (51)
0 0

for some real valued functional L(-) acting on the process Z, such that L(Z) is independent

of a,0,D, S, and such that

Vn € (0,00) : L(nZ) =nL(Z). (52)
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(We are denoting by Z the stochastic process, and by Z; the random variable which is the
value of the stochastic process Z at time t.) For example, if a = G = D = 0, condition (51)
boils down to E[ZrSy| < L(Z).

For a given process Z € Dy, consider the optimization problem

H(Z) = (53)
YingL E|L(Y) + U (Yr) = YoIY (Zr) + Ap % /OT {f/l (s, gy) - Y, I (gz) + é(s,Y;)} ds} .

Here, we have introduced dual functions

Uy(2) := mBX{Ul(a:) —xz}, Vi(t,z) = m;xx{Vl(t,y)—yz}, G(t,z) == mgx{ﬁéaz—G(t,a)}.

(54)
Consider now those stochastic processes Z for which the infimum in (53) is attained uniquely
at some stochastic process Y (Z) =: F(Z), where we just defined a new functional F. We

have the following main result of this section.

Theorem 5.1 Assume that in the case of Problem I we have G(t,a,0,S) = G(t,a). Fir a
functional L as above. Suppose that the mapping F(-) has a “fized point” Z in the sense
that

F(Z)=¢Z (55)

for some positive constant ¢. Let the dividend rate be given by
kD, = Apx {Il" (t,§52t> + 1Y (t%Zt)} : (56)
and in case of Problem I, let the effort be given by
a, = J(t,p0¢Z;) (57)

where J(t,-) is the inverse function of %G(t, -). Suppose also that, for Problem I there exists
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an admissible process ¢, and for Problem II there exist admissible processes a, &, such that
A A T p—
ﬁST = [1(EZT) + [2(ZT> + A]] X / G(t7 dt, 6,5, St)dt (58)
0
and (51) is satisfied as equality:
A T — T A A~ A
E {ZT (ﬁST — A X / G(t,&t,ﬁt,St)dt> + Ar X ﬁ/ Zy(Dy — (5dt)dt} = L(Z) (59)
0 0
Suppose also that the IR constraint is satisfied as equality:
. r B~ _
R=E [Ul(llU(z»ZT)) + Ap x / {vl (IY(;EZt)) — G(t,&t,fft,St)} dt} : (60)
0
Then, the first-best solution is the multiple (a,d, 15) and the contract
Pro= 38t —L/(Zr) , @ = Arx {wt—IQV (th)} (61)

implements the first-best solution. Moreover, the pair (6_1,2) 18 the solution to the dual

problem

inf {L(Z) +E {U;(ZT, A) + A x /OT{VQ*(t, 7, \) + Gt, Zt)}dt] - AR} (62)

A>0,Z€Dy,

where
Us(y, ) = mas {Us(85 — p) + N (p) — y3s} (63)
Vit y,\) = max {Va(t,kD — q) + A\Vi(t,q) — yrD} . (64)
.
Proof: See the Appendix. o

Remark 5.1 The existence of the optimal Y(Z) and Z for the problems (53) and (62),
and the existence of the corresponding a, &, has been studied in various papers in different

models, in the context of a dual problem to Merton’s problem of maximizing expected
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utility for an investor trading in financial markets, initially in Brownian motion models,
and recently in more general semimartingale models. Brownian motion models where the
number of Brownian motion processes driving the model is higher than the dimension of the
control vector o were analyzed in He and Pearson [18] and Karatzas et al [23]. The case
in which the control vector o is constrained to take values in a convex set was resolved in
Cvitani¢ and Karatzas [12]. See also the book Karatzas and Shreve [24]. In those papers
there is no cost in applying o. The case corresponding to the cost function G = G(o, S)
being nonlinear was studied in Cvitani¢ [7] and Cuoco and Cvitani¢ [6]. Models more
general than Brownian motion filtration have been studied in Kramkov and Schachermayer
[26], Cvitani¢, Schachermayer and Wang [9], Hugonnier and Kramkov [21], Karatzas and
Zitkovié [25], among others. See also Duffie, Geoffard and Skiadas [15] and Dumas, Uppal
and Wang [16] for recursive preferences. Let us also mention that in Cvitani¢, Wan and
Zhang [10] this existence problem is shown to be equivalent to the existence of a system
of Forward-Backward Stochastic Differential Equations. These are typically very difficult
problems, so that we expect that general results on the existence of the fixed point in the
above theorem will be difficult to obtain. This is left for future research, while here we

present examples in which the fixed point exists, and the approach works.

5.1 Examples

5.1.1 Example: Exponential Utility with volatility and size penalty

We illustrate here the power of the above approach by considering an example which was
solved in Ou-Yang [32] using Hamilton-Jacobi-Bellman partial differential equations. For
ease of notation we assume that § = 1. The underlying process is driven by a d-dimensional
Brownian Motion W:

dS; = rSydt + o/ oydt + o dW;

29



where a’b denotes the inner product of two d-dimensional vectors a and b. We also consider

Problem II with a penalty of the type

that is, linear in the size S of the controlled process.
We will show that the contract (72) below is optimal. We want to find a candidate
process Z corresponding to the optimal contract. Motivated by the results of Cvitanié 7]

and Cuoco and Cvitani¢ [6], we consider an adapted vector processes A = {\;t > 0} such

T
E[ / ||A5||2ds] <o
0

that

and define the process Z* by

t 1 t
7 - exp{—/(a+)\s)’dWS—§/ Ha—l—)\SHQdS} ,
0 0

satisfying
dZ} = —ZMa+N)dW, |, Z3 =1 .

Next, we want to get upper an bound of the form (51). Integration by parts implies

T
0

T
et (e Sy )dt

S—

=2

T
(e’ —1)e ™Sy — / %(1 — e ") owdt + o1 dWy] .
0

Moreover, using this and [t6’s rule, we can see that

t
d(Z,& / S, + g(s,as)]ds> = (2L =1 ) + 2} [ LA =N+ gt o) at
0

r

+ (...)dW, .
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Also, by Itd’s rule,
d (Zt’\e_”St) = —Z)e " Noydt + (..)dW, .

Using the last two equations, and assuming that all (...)dW; terms are martingales (not just

local martingales), so that their expectation is zero, we get

E [Z% (ST - /OT(VSt + g(t, Ut))dt)]

_ <€rT _ j(erT _ 1)> E[Z)e"Sy] - E {/T 7 [7(1 — e ™o, +g(t,0t)] dt]

r

= (e 2" - 1)) 8o B [ / " [(Z+ 1= D)eT) X+ g(t, )] dt]

(65)

Denote

As in Cvitani¢ [7] and Cuoco and Cvitanié¢ [6], we define the dual function

g(t,A) = max{—g(t,0) — f(t)o'A}

for those vectors A for which this is well defined (not equal to infinity), which then make
up the effective domain of §. We now consider only those vector processes A = {\;;t > 0}
which take values in the effective domain of g. By the definition of the dual function and

(65), we get

E [Z% (ST — /OT(’ySt + g(t, at))dtﬂ

< L2 = <€,«T _ (T - 1)) So+E UT Z)i(t, )\t)dt} . (66)

r

This is an upper bound of the form (51).
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Hence, for a given stochastic process p and given constants z,y, we want to do the

following minimization:
H(Z?) ::ing[UKZZ%)+IXZZA)—ZZ%LﬂyZ§) (67)
as in (53). Assume now that the utilities are exponential and the cost function is quadratic:

1 1
Ui(x) = —?e_%x and  g(t,0) = 50"]6,50 :

for some matrix-valued function k;. Note that the solution for the problem of minimizing a
quadratic form

1
y'r+ §£E/kx

over x is given by

P = —(k;kvz,. (68)

Thus the maximum in the definition of g is attained for, suppressing dependence on ¢,

. k+ R\
o= -1 (M55) v (69)

and we have

gt A) = fN

k+ K *_ k+ K AE E+ kN \
9 2 2 9 '

~ 1 1 1
Ui(z) = ——2 4+ —zlog(z and Ii(z) = ——log(z) .
(2) T (2) (2) > (2)

In our case

Thus, assuming again that all local martingales are martingales, the dual problem (67) is
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equivalent to minimizing

1 1 T
E {—zZr} log(227) + —zZ31og(yZ5) +/ 2Z2G(t, )\t)dt]
T "2 0

This, in turn, is equivalent to minimizing

’ 1 1
B[ 2 (gt M= 2 llact pl/2 - (a4 Ao+ p)] ) s
0 M V2
r AN AN e A
Z)\ 2)\/ s s o S s vs s s )\S d
[ (m](555) - (555) 5 (555) )

We conjecture now that the optimal A is deterministic, if p is deterministic. That means

+ K

we simply have to maximize the quadratic form in the integral above, and by (68), the

optimal X is given by (suppressing dependence on t)

N -17 71
)\ = [ii+f2(k+k) ] (3+i(a+p)) ,
71 2 712

where i is the identity matrix. It can now be verified that this is indeed the optimal A = A(p)

for a given deterministic process p, for example by checking that the Hamilton-Jacobi-
Bellman equation is satisfied.

The fixed point is obtained by setting p = A\, which gives

Tj+ f2 (’” k)ll 1@ (70)

A= -T
2

where

r.— nte (71)

Y172

We would like to use Theorem 5.1 to claim that the contract

. ; 1 T . 4 :
Pr = Sy —5L(§Zy) = Sr+ = {log(g)) - / o+ |2 /2ds — / (a+ /\S)’dWS} (72)
2 0 0
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is optimal for an appropriate choice of ¢, to be determined below. It can be verified that

this is the same contract as in Ou-Yang [32], except that the term dWW; there is expressed in

terms of a different process, having the interpretation of stock prices. Also, in his framework,

the process S has the interpretation of the value of a managed fund.

We would like to check that the conditions (58) and (59) are satisfied with the stochastic

processes Z and Y defined by Z; = 2Z{A\ and Y; = QZ{A\, for some values of Z, 9. We choose 2

so that the IR constraint (60) is satisfied. In order to satisfy (58) we need to have

) ) T
Sr = LGZY + L2} + [ lo(s0) +7S8)ds |
0
or, after integration by parts,

(7= LT - 1) e TS = LGZH)+ L2

+ATp@pg—%u-@4ﬂd¢}w—%f%u—

Using
T T
e TSy = So—l—/ G_TSO(,O'SdS—’—/ e "ColdW,
0 0

and substituting for I; and I3, we need to have

v . !
(erT _ _(erT _ 1)) (SO + / e—rsalo,sds + / e—rsg;dWS)
r 0 0

Loa(s)  L1ow@) + 5 [+ A
= ——log(2) — —1lo — a+ \||*ds
" ) o egly 2/,

T
+F/ (a—l—)\s)’dWS—i—/
0 0

By (69), we conjecture that we have to take o to be

) E+E\ "« 2 k+ k!
a——f( 5 ) )\—f{Fl-i- 5 1 Q@

T
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(73)

’y —Trs ! ! g ’7 —Ts /
g(s,04) — ;(1 —e ) o] ds — ;(1 —e ")odWs .
0



Indeed, it can now be verified, using the fact that

that if we choose this value for o, then in the equation (73) the dWW integrals cancel out. In
order for the remaining terms to satisfy equation (73), we need to have

0 = (eTT—z(e”T—l))SO—I—/T{f ozas——/ (s ||08||2——0k05 ds
0

r

1 1
+—1log(2) + — log(7y
- g(2) - g(¥)

This is an equation in g that can be solved. It is now easily verified that (59) is also satisfied.

Thus, by Theorem 5.1 the contract (72) is indeed optimal.

5.1.2 Example: Original Holmstrom-Milgrom framework

In this example we show that if we restrict the principal to observe only the controlled
process S, but not the driving Brownian motion W, then his utility may be strictly lower
than if he can offer contracts based on both S and W. We consider a one-dimensional case

of the Holmstrom and Milgrom [20] setting, where only the drift is controlled,

dSt = Cltdt + th

454

and W is a one-dimensional Brownian motion. Note that this is the case of extreme “in-
completeness”, in the sense that the volatility is completely fixed, not controlled.

The computations are similar, but simpler than in the previous example, and we omit
the details. We could also solve the multi-dimensional case, as in that example. We set

(8 =1 for notational simplicity. We denote similarly as in the previous example,

t 1 t
Z{\ = exp{—/ )\deS—§/ )\zds}
0 0
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We consider Problem II with cost function G defined by G(a) = a?/2. According to Itd’s

rule,

t1
d<Z? (St—/ 5a3d8>) = Z} lap— a2 — N] dt+ (..)dW;
0

Using this and the fact that a — a?/2 is maximized at @ = 1, and assuming that all (...)dW,

terms are martingales (not just local martingales), so that their expectation is zero, we get

T 1 T T
E lz; (ST —/ §a§ds)] < SHS-F [/ ZﬁAtdt]
0 0

This is an upper bound of the form (51). Hence, for a given stochastic process p and
given constants z,y, we want to do the following minimization:
B T
G(2') = nf B [Ul(zz;) —z / ZINdt — 22315 (yZ5) (74)
0

similarly as in (53). Assume now that the utilities are exponential,

We have then

~ 1 1 1
Ui(z) = ——2z+ —zlog(z and  [;(z) = ——log(z) .
(2) Rl (2) (2) - (2)

Thus, assuming again that all local martingales are martingales, the dual problem (74) is

equivalent to minimizing

1 1 r
E | —2Zplog(227) + —2Zplog(yZh) — = / ZQAtdtl
Y2 0

4!
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This, in turn, is equivalent to minimizing

T 1 1 pQ T
E U z) (-Ag - — {—s — AspsD ds} ~E [/ Z,?Atdt]
0 27 Yo | 2 0

We again conjecture that the optimal A is deterministic, if p is deterministic. That
means that we simply have to maximize the quadratic function in the integral above, and

the optimal \ is given from (suppressing dependence on t)

It can now be verified that this is indeed the optimal A = A(p) for a given deterministic
process p, for example by checking that the Hamilton-Jacobi-Bellman equation is satisfied.

The fixed point is obtained by setting p = A, which gives

1
\ = —
- (75)
where
r.— n + 72 (76)
Y172
By Theorem 5.1, the contract
, ; 1 1. T
Pr = Sp—L(§Z3) = Sp+ 77 [log(g)) —/ 5)\§d8 —/ )\SdWS] (77)
2 0 0

is optimal for an appropriate choice of ¢, to be determined below. We have to check that
the conditions (58) and (59) are satisfied with the stochastic processes Z and Y defined by
Zy = éZtX and Y; = ngt’A\, for some values of Z,3. We choose Z so that the IR constraint (60)
is satisfied, that is
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Since we are taking a = 1, in order to satisfy (58) we need to have

Sr = L(223)+ L(§Z3) + T/2

1 1 < 1 1 5 T
= ——log(3) — —log(Z}) — —log(j) — — log(Z3) + =.
- g(2) - e(Z7) - g(9) o 8(Z7) + 5
Then,
1 ~ 1 R 5 T
So+T+Wpr = ——log(2) — —log(y) —'log(Z7) + —
T V2 2
1 1 11 T
= ——log(2) — — log(y W. ——T+ —
’}/1 Og(Z) 72 Og<y) + T + 2F + 27
or equivalently
T .T 1 1
So+ = —A= = ——log(z) — —log(y) . 79
0t 5 A3 - g(2) = g(9) (79)

It is now easily verified that (59) is also satisfied. The maximum utility is given by

E[0: (8- L7D)] = —% , (80)

where g is determined from (79), with 2 determined from (78).
Let us now compare this to the utility obtained from the optimal contract among those
contracts which depend only on S, not on W. By Holmstrom and Milgrom [20] (see also

Schéttler and Sung [37]), the optimal contract of such a form is linear, and given by
f(ST) = c+ bST s

where
o I+
1+ +7

and c is chosen so that the IR constraint is satisfied. In this case the optimal control is a = b
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and the IR constraint gives

1 b>T
c = —710g(—71R) —bSo+ —-(n-1 . (81)
1

The maximum principal’s utility with this contract is

E[Us(Sy — (¢ +bSp))] = _iexp{_% {—c+(1—b) (SOerT—%’m(l—b)T)]}

V2

Comparing this to the utility from (80), we can check that the difference of the utility from
the generally optimal contract Pr=Sp— IQ(?)Z%) and the utility from the optimal S-based
contract is strictly positive.

We see that in this example the first best contract Py is not implementable with S-based

contracts.

5.1.3 Example: Volatility constraints

Consider again Problem II. Using our method, it can be shown that in the model
dSt = OéO'tdt + O-tWta

where W is a one-dimensional Brownian Motion, if the principal is risk-neutral, Us(z) = =,
and the agent has no penalty on volatility, then the principal can attain infinite utility by
forcing the agent to apply infinite volatility, ¢ = oco. This may not be true if there are
constraints on volatility, of the type o, € K for all ¢, where K is a closed and convex set.
We could still use the approach of Example 5.1.2, with

g(t,\) = max{—g(t,o) — f(t)c'\} . (82)

ceK
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In the one dimensional case, we consider the constraint

for some constants b, ¢ (the example can be extended to time-dependent bounds b, ¢;). For
simplicity, we assume that the cost function is zero.
Since our method cannot deal directly with the risk-neutral utility function U(x) = =z,

we assume that the utility functions are exponential:

1 1
Ui(x) = — — —e
Vi i

Note that if we let 7; go to zero, then U;(z) goes to x, and we get the risk-neutral case in
the limit. We can now verify, as in the previous examples, that the optimal volatility ¢ is
given by

b if F'aa<b

c if F'a > ¢

Q>
I

Il'a ; ifb<Ta<c

where I' is defined in (71). Finally, note that if either the principal or the agent is risk-
neutral, that is, if either v or 7 tends to zero, then I' tends to infinity, which implies

that

Q>
I
o

that is, the agent will optimally choose the maximum possible volatility.

6 Conclusions

In this paper we consider continuous-time, first-best risk-sharing problems, in which one

of the individuals (that we call the agent, although there are no agency costs) can control
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both the diffusion (project selection) and the drift term (effort choice) of the underlying
process, with full information for the other individual (the principal). We only consider a
type of contracts (widely used in practice) in which the optimal risk-sharing rule depends
on the comparison between a function of the underlying process and a benchmark. In the
case of portfolio management and complete markets, the optimal contract is (ex-post) a
function of the terminal value of the controlled process, and this function may be nonlinear
if the principal and agent have different utility functions. Even when the contract is ex-post
linear, if the agent controls the drift separately from the diffusion term, there may exist no
optimal contract which is path independent ex-ante. If the agent does not control the drift
independently of the diffusion term, an optimal contract can be offered as a function of the
terminal value of the controlled process if a certain differential equation has a solution. Call
option-type contracts are optimal for a specific choice of utility functions. The contract is
linear when the agent and the principal both have exponential utility functions, or if they
have the same power utility functions. When it is costly for the agent to control the diffusion
term, the optimal contract is obtained by considering a fixed point of a map between the
principal’s optimization problem and the agent’s optimization problem, or by considering a
solution to a corresponding dual problem.

There are several directions in which we could extend this work. Here, the agent and
the principal have the same information, and the solution is the first-best. It would be of
considerable interest to study the problem with asymmetric or incomplete information, even
further than what is accomplished in Williams [40] or Cvitani¢, Wan and Zhang [10], by
modeling adverse selection, for example. More realistic cases could also be considered, such
as a possibility for the agent to cash in the contract at a random time, or the case when the

time horizon is also a part of the contract. We leave these problems for future research.

7 Appendix

Proof of Theorem 3.1: The following argument is similar to standard arguments in the
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modern approach to the Merton’s portfolio optimization problem, and due originally, in a
somewhat different form, to Pliska [34], Cox and Huang [5] and Karatzas, Lehoczky and
Shreve [22] (see, for example, Karatzas and Shreve [24] for a general theory, or Cvitanié
and Zapatero [12] for the simpler, complete models case). For a heuristic derivation, see the
proof of Proposition 3.1 below.

We only provide the proof with the agent’s Problem I, as the Problem II is similar, noting
that the maximum of fda — G(t,a) is attained at a = J(¢,03). Moreover, in the proof of
Theorem 5.1 for the general case, we deal with Problem II.

Define the dual function

Uz(y,A) = max{Us(Bs — p) + AUi(p) — yfs} (83)

for those values of A > 0 and y for which this is finite, constituting the effective domain Dy

of U;. Similarly, define the dual function
V(3.0 = max {Va(t,nD — q) + AVi(t,q) — gD} (84)
q

We assume, for simplicity, that V;(t,-,-) and Uj(-,-) are defined on the same domain D,
which does not depend on t.

We show in the lemma below that the maximums are attained at

Bs—p=1'(y); D=1/ . (85)

kD —q=1/(t,9); G=1(t,g/\) . (86)

Set now s = Sp and p = Py in the definition of U;. This, together with the IR constraint,
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gives us

T
E |:U2(ﬁST - PT) + / ‘/2<37 "{'Ds - qs)d3:| (87)
0
T ﬁ T
< F {U;(yZT,)\) +/ Vs (3, —st,)\> ds] +yE {ﬁZTST +ﬁ/ Zstdsl
0 k 0
T
—AR - A\E [/ G(s,as)ds] ,
0
where R is the reservation utility for the agent and y is a constant. Define now the dual

function

G(t,z) = max{fdaz — A\G(t,a)} (88)
for which, if z = yZ;, the maximum is attained at
. y

Using G(t,yZ;) > —A\G(t, a;) + B6ayyZ, and (10) we get the upper bound for the principal’s

problem:

B[vass: - o+ [ A 0| (90)

T T
< FE [U;(yZT, A) —|—/ 17 (3, gst,)\) ds} + yB3Soy +/ G(s,yZs)ds — AR .
0 0

The upper bound is attained if (89) is satisfied, and, by (85), (86), if

BSr = Pr = I3 (yZr) , (91)
Pr = I{ (yZr/)) (92)

_ v, B
kD —q = I, (t, Eth) , (93)
qy = IY (t7 %yzt> ) (94)

43



if the IR constraint is satisfied as equality:

R=E {Ul (1Y (yZ7/N)) + /OT {vl (t,flv (t, %yzt» e <t, J <t,ﬁ5%Zt>> } dt} ,

and if the martingale property (10), E[M3;] = Sy holds, or equivalently,

Sy = E [ZTST + /T 7, {Ds _6J (3, Bé%ZS) } ds] . (96)
0

Equations (91)-(94) and (96) imply that the number y = ¢ has to be chosen so that the

principal’s feasibility constraint

T ~
BSy+ E { / 367, (t, ﬂd%Zt) dt] (97)
0
U/~ U/~ T /8 \% 5 ~ %4 /8/\
= FE {ZT {[1 (9Zr/N) + 1, (yZT)} —|—/ ZSE {[1 (3, ayZS) + I, (s, EyZS)l ds}
0
is satisfied. If we set A = ¢/Z, such ¢ exists by Assumption 3.3, and the only remaining

thing we have to check is whether there exists a process o so that at the final time we have
BSr = BSr = I (2Zr) + Ij (§Zr) . (98)

This follows from the Martingale Representation Property, that is, from Assumption 3.1.

Lemma 7.1 The values §,p, D, § from (85), (86) are optimal for the mazimization in the

definition of Uy, V5.

Proof: We only show the case for U;. Values s, p are determined so that they make the

partial derivatives equal to zero. Thus, it only remains to show that the Hessian of the

44



problem is a negative definite matrix. Let us introduce the change of variables

Denote

We compute the second derivatives as follows:

82f(§,p> "o,

—om = U (5 —p),

32f(§,p) "o, ”
o Uy (5 —p) + AU (p)
82f(§,p) o "o,

opos ~Uy (5 —p)

Then we find that, for a given vector (a,b)’” # (0,0)" and the Hessian matrix H(S,p), we

have

(a,D)H(3,p)(a,0) = Uy (3 —p)(a—0)* + AUy (p).

Since A > 0, and since Us, U; are strictly concave, the right-hand side is negative.

Proof of Proposition 3.1: Again, we only consider Problem I. We first develop some
heuristics for finding the optimal strategy of the agent, while a rigorous proof is given after
that. We can consider the fact that the process M is a martingale, and in particular that
E[MZ] = Sy, to be a constraint on the agent’s problem; see (10). Thus, the agent has to

find controls a, o, D that maximize

R R

T
E Uy (BSr — IJ(9Z7)) +/ {V1 (S,/{DS — Iy <s,
0

i2.) ) - Glsa) pis
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T T
—6ZA <E |:ZTST - 5/ stsds —|—/ ZstdS:| - S())
0 0

where z4 is a Lagrange multiplier. Taking derivatives with respect to ag, S7, D and setting
them equal to zero (and neglecting the expectation) in the previous maximization problem,

we conjecture that it is optimal to choose the controls a, 7, D so that

dt = J(t,ﬁdZAZt) N (99)
BSr — I,/ (§27) = I{ (24Zr) (100)

and
kD, — I) (t, ggzt) =17 (t, ngZt). (101)

If we substitute this into the martingale property (10), E[MZ] = Sy, we get that the number

za has to satisfy the agent’s feasibility constraint

T T
BSo = E | Zr {I{ (zaZ7) + I (§Z7) } — 55/ Zasds + ﬁ/ Zsf)sds} . (102)
0 0

In order to provide a rigorous proof of (100) and (101), we need to introduce dual functions

Uy, Vi of Uy, V; defined by

Uy(z) = mgx{Ul(x)—xz} : Vi(t,z) = myax{\/l(t,y)—yz} ,

and

G(t, z) = méix{ﬁdaz — G(t,a)}.

The domain f)l of Ul consists of the values of z for which Ul(z) < 00. We assume for
simplicity that Vi (¢, -) has the same domain, for all t. Note that performing the maximization

in the definitions of Uy, Vi, G, we get that the optimal z, y, a are given by

F=1U(z) g=1V(ty) a=J(t862) (103)



where IV, IV (t,-), J(t,-) are the inverse functions of U], a%Vl(t, ), ZG(t, ).

By the definition of the dual functions we have

E [Ul (BSr — I3 (9Z7)) + /OT {1/1 (s kD, — 1) <§y2>> — G(s,as)} ds] (104)

T
+24E [ZT (BSr — I (9Z7)) + / Zs {ﬁDS — SIZV (sgyZ)l ds} .
0

From E[MZ7] = S, we get

T T
E {STZT +/ Zstds} = So+0E [/ ZS&SdSl :
0 0

and using the definition of G, from (104) we get the following upper bound on the value of

the agent’s optimization problem:

E [Ul(zAZT) + /OT { /i <s,§zAZS) + G(s, 24 7,) } }

T
+ZAﬁSO—ZAE |:ZT[§J(Z)ZT> +/ Z ﬁ[V( é )d :|
0

Ii

By (103), this upper bound is attained if (99), (100) and (101) are satisfied, where z4 is
chosen so that (102) is satisfied. With this, and comparing the feasibility constraints (97)
and (102), we see that we need to take z4 = ¢/, and thus, by choosing exactly the controls

a, o, D which are the first-best, the agent will attain the upper bound for her utility.

Proof of Proposition 3.2: Given such a contract it can be seen similarly as in the proof

of Proposition 3.1 that the agent will optimally act so that the process S satisfies

ZiSy = Ey|Zrs(zaZ7)] (105)
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and in particular

ST == S(ZdZT)
where the function s(z) is determined from (33). From (33) and (31), we get

Us(BSr —d(St)) = §Zr

or equivalently

pBSr —d(Sr) = L(yZr).

But then the principal’s utility is equal to

E[Us(8ST — Pr)] = E[Ux(I2(§21))],
which is optimal.
Proof of Corollary 3.1: Inspecting the proof of Theorem 3.1, but with é = D = ¢ = 0,
we see that any contract satisfying (35) attains the principal’s upper bound. Moreover,

that proof also shows that this equality has to be satisfied for the principal to attain his

maximum utility.

Proof of Theorem 3.2: Suppose that the contract is offered in the form Pr = f(S7) =
I, (2h(ST)), assumed to be linear. Given this contract, similarly as in the proof of Proposition

3.1, we can see that the agent would choose o = & so that

Pr =I,(2' Zp)
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for some z/. Denote by S the corresponding process S. We also have P = I;(2h(Sr)), thus
2 Zp = 2h(Sy). (106)
Note that Sp = f~(I (2! Z7)), and by the martingale property,
So = E[ZrSr] = E [Zpf ' (Li(z' Zr))] .

This means that z/ = z*, the unique solution to the above equation. Denote now by S the
process S corresponding to some optimal contract. From Corollary 3.1, any such contract
satisfies 3S7 = I,(2Z7) + Ir(§)Z7), which means that S = f~'(I,(2Zr)). By the martingale

property again, we have
So = E[Z¢Sr| = E[Zrf M (L(22r))].
This means that also 2 = z*, thus 2 = 2/, and from (106), h(Sy) = Zy. Hence, we get
BSr — Pr = 8Sr — Ii(2Z1) = L(jh(S7)).
Therefore, the principal’s utility when offering the contract f(Sr) is
B |Ua(L(h(Sr)))| = B Ua(La(520)].

which is optimal.

Computations for Example 4.2: Similarly to Proposition 3.1, the agent will choose the

control a = a given by

a, = J(5b).
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Using the method of that proof, we can also see that he will choose o = ¢ so that

¢+ bSy — TGLI(6b)) — —%bg(ZZT) (107)

where Z is determined from the agent’s feasibility (martingale) condition

¢+ Sy — TG(J(3B)) + TbJ(b) = ——(log(2) + a2T/2). (108)

n

Here, we use the fact that
E[Zrlog(Zy)] = E [Zp(—o®T/2 — aWy)] = —a’T/2 — aE[ZyWy] = o*T/2.  (109)
Now, the utility of the principal is, substituting Sz from (107),

E[Us(BSr — Pr)] = E[Us((8—1)Sr —¢)]

_ E {UQ ((% _ 1) [TG(J(éb)) _ ilog(zZT)] —cgﬂ (110)

71

Substituting for the utility function and the values a, b from (37), we get

E[Uy(38r - Pr)] = E[Us( (ﬂ) {TG(J(éb)) - %k)g(zzT)]

- G_) [Taumw + 1og<@/2>] )

_ 5 [UQ (ﬂ) [TG(I(E) ~ TGIE8)] - —log (%ZT))}

- Y exp {_71 {TG(J(éb)) —~TG(J(5B)) + %log(é/é‘)} } - (111)

On the other hand, we know that the principal’s utility given the optimal contract P =
6ST - IQ(@ZT) is
E[Us(3Sr — Pr)] = E[Us(I(§27))] = —2.
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Thus, in order for the contract f(Sr) to be optimal, the exponent in (111) should be equal to
zero. In order to compute this exponent, we substitute Z from (108), we substitute b, ¢ from
(37), and we also use the principal’s feasibility (martingale) condition (97) (with A = g/2)

for the optimal contract:

85 = —=-B(Zrlog(:Zn)| - —E Zrlog(9Zn)] + TGUI(69)) — T861(6)
= —Liog(e) — Dtogts) + TGU6M) — T35I(69) - L6 4. (12
Doing that we obtain from (112)
TG(I(h)) — TG(J(55)) + % log(2/3)
— TGI(h) — TGI(GA)) + % log(3) + ¢ + bSo — TG(J(b)) + TobJ(5b) + %QZ%
= TG(J(6b)) — TG(J(63)) + % log(2) + 72_17%1%_1 [TG(J(58)) + 71 M og(i/2)]
+572_17+1%_150 — TG(J(6b)) + TébJ(5b) + %oﬂg
_ 72_17171%_1 (T§0J(5b) — T§BI(S53)) .

Since b is strictly smaller than (3, the exponent in (111) is not zero, and the principal’s
utility when giving the contract f(Sr) is smaller than giving the optimal contract Pr =
BSr — Iy (§Zr).

Computations for Example 4.3: Consider maximizing the function

F(s) = Uy(d(s)) — zs = log(d(s)) — zs
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for z > 0. Note that by L’Hospital’s rule

log(d d
lim —og( (5)) = lim (5)) = lim Z—fle_ﬁerd(S) .
s—too S s—too d(s) s—too Uy
Thus, the limit at s = —oo is oo and the limit at s = oo is zero, if C' < 0. This implies that

F(—o00)=—-00 and F(o0)=—00 .

Therefore, if there is a unique value s = s(z) for which the first derivative of the function F
is zero, then the maximum is attained at that value. This is equivalent to finding a unique

value s(z) such that

“G(s(z) — 2 =0
]
where
G(s) = e Pstdls) (113)

Note that, if C' <0,
G(—o0)=00 and G(oo)=0 .

Therefore, it is sufficient to show that G’(s) is always negative, which is equivalent to showing
that

d(s)<f . (114)

In order to show this, note that

d'(s) = (Bi™ ") (z(s) + C)Bz(s), where x(s) = —;—26_55 <0 .

It is easily verified that the maximum of d'(s) over C' < 0 is attained at C' = 0. Thus, from

the last equation, in order to prove (114), we need to show that

(Bi 'Y (x)r < 1
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for x < 0. This is equivalent to

Ei'(Eit(z) <z .

By transforming the variables as

z = Ei(y)

the last inequality is equivalent to
Ei'(y) < Ei(y)

or

Ei(y) > €'/y, y<0 .

Finally, by integration by parts, we have

Yy Lt Y Yy ot Y
Ei(y):/ ©at e—+/ Sat > <.

ot y oo o t? Yy

Thus, we have shown that (114) holds and so there is a unique value s(z) that maximizes
Up(d(s)) — sz.

It remains to show that z; > 0 and C' < 0 can be chosen so that
E[Zrs(zaZr)] =Sy and  E[U;(d(S7))]=R , (115)
where the process S is defined by (105). Recall that
s(2) = G2, 0(23/2a)
where the function G, ¢ is defined in (113). Hence, we need to have

E2:G7)o(02r)] = S0 (116)
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From the definition of the function d(-), it can be seen that the left-hand side above covers
all values Sy € (—o00,00) as z4 ranges through (0,00) for fixed C' < 0, and similarly, as C

ranges through (—oo,0) for fixed z; > 0. The second condition in (115) becomes

E [log (d.,c (G,c(927)))] = R .

Again, it can be seen that the left-hand side above covers all values R € (—00,00) as z4
ranges through (0, 00) for fixed C' < 0, and as C' ranges through (—o0,0) for fixed z; > 0.

We conclude that there exist values z; > 0,C' < 0 so that (115) holds.

Proof of Theorem 5.1: We present an extension of the argument for the complete model
case, but this time we do it for Problem II only. Consider first the first-best solution, that is,
the problem of the principal maximizing her utility, under the IR constraint for the principal.

Recall the dual function
Us(y,A) = max{Uz(fs — p) + AU(p) — yfs} (117)
for A > 0, and y in the effective domain of U;. Also recall that the maximum is attained at
Bs—p=1'(y): p=1(y/) . (118)

Set now Bs = 35S — fOT G(t,a;,01,S;)dt and p = Pr — fOT G(t,as, 01, S;)dt in (64). Then, we

have

T
U;(ZT, )\) Z UQ(ﬂST - PT) —+ )\Ul (PT — / é(t, A, O¢, St)dt>
0

T
—Zp <5ST —/ G(tﬂt;Ut,St)dt) :
0
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Taking expectations, we then obtain
E[Ux(88r - Pr)] < E |Uj(Zr, M| + L(Z2) = AR, (119)

where R is the reservation utility for the agent. Note that for a given A, this is an upper
bound on the principal’s utility. By (118), the upper bound is attained if (58) — (61) are
satisfied, if we set A = 1/¢. Thus, a,d are optimal for the principal’s first-best problem.
Let us now take into consideration the agent’s problem. Suppose that the principal offers
the agent contract (61). Then, by the definition of U; (see (54)), we have the following upper

bound on the agent’s utility, for any stochastic process Y € Dy:

E [Ul (ﬁT — [T Gt a0, St)dtﬂ —E [Ul (ﬁST — L(Zr) — [T Gt a0, St)dt)]

<FE [01<YT> +L(Y) - YT12<ZAT>} : (120)

Moreover, the smallest such bound is obtained by taking the infimum of the right-hand side,
and it is attained at Y = ¢Z, by definition of Z.

This smallest upper bound will be attained if (58) is satisfied and if (59) is satisfied
with Z replaced by ¢Z. By (60), this will indeed be satisfied if the agent uses the first-best
controls @, &, because L(¢Z) = ¢L(Z).

The last statement of the theorem is true because, with Pr = PT and with St corre-
sponding to (a, ), inequality (119) is satisfied by all A > 0, Z € Dy, and it is satisfied as

~

equality by A = %, Z =7.
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